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In a former publication from this Laboratory, results on the compressi- 
bility of various minerals and rocks were presented.! At the time when 
these measurements were made the importance of the physical properties 
of the ultrabasic rocks was not fully appreciated. Realizing that too little 
emphasis had been placed on these materials we have now made a number 
of measurements on a rock approaching olivine in composition. For 
reasons which will be given later, we have also made some measurements on 
a sample of basaltic glass. 

Method.—The method used in measuring the compressibility of solids has 
already been described in detail.2 The material to be investigated is 
subjected to pressure in a steel cylinder or bomb. The specimen, usually 
cylindrical in form, is entirely surrounded by a liquid, and pressure is 
produced by forcing a piston into the bomb. The compressibility is de- 
termined by a series of measurements of (1) the pressure, which is measured 
by means of a resistance gauge, and (2) the piston-displacement as read 
on a dial micrometer. A preliminary experiment using a solid of known 
compressibility, namely soft steel, serves to compensate for the distortion 
of the bomb and for the compressibility of the liquid used to transmit pres- 
sure. 

From these readings the change in volume of the specimen at various 
pressures is calculated from the formula: 
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in volume of the rock, the steel and the liquid, referred to the volumes at 
the arbitrary pressure Po, usually 2000 megabars.* 

1 dA 
Ay dP 
is written for L—L’, and means the difference in piston-displacement, at 
a given pressure P, for the two experiments with rock and steel, 
AV’ 


, 
V"o 


The cross-section of the bore in the bomb is A, and a = AL 


, the 





respectively, AL, being the difference at Py. The values of — 


volume change of the reference solid, steel, were calculated from the 
equation :* 

a: ol 

V's 





= 10-*(P—P») {0.590—0.022 x 10-4 (P—Py)} (2) 


which corresponds to the equation 
10° B = 0.599—0.044 X 10-4P. (3) 


Materials Used.—-The dunite was from a fine specimen collected by Dr. 
N. L. Bowen near Balsam Gap, Jackson County, North Carolina. The 
density, as determined by the loss in weight in water, was 3.288; at 22.9°. 
The rock consists almost entirely of clear, pale green crystals of olivine 
from 1 to 2 mm. in diameter, with a few small grains of chromite, the amount 
of which is from 0.2 to 0.3 per cent by volume. The refractive indices of 
the olivine (kindly measured for us by Dr. H. E. Merwin) are: a = 1.650, 
y = 1.685. ‘This indicates that the amount of FeO in the olivine is about 
7 per cent, which in turn corresponds to an olivine of density 3.30. This is 
only 0.01 higher than the measured density, and therefore indicates that 
the dunite has undergone very little alteration. A cylinder was cut from 
the rock with a diamond core-drill and ground down to the finished size— 
20 cm. long by 1.6 cm. in diameter. 

The basaltic glass, or tachylite, was from a specimen of Kilauea lava 
which was kindly furnished by Prof. R. A. Daly. It was in the form of a 
sheet about 12 mm. thick and consisted of black glass showing in thin 
section only a few crystals near the original lower surface. The total 
amount of crystalline material is about 3 per cent, and consists mainly 
of plagioclase with a little olivine and pyroxene. 

No chemical analysis was made on the material actually used. However, 
numerous analyses have been made on lavas, both crystalline and glassy, 
collected at the same locality and presumably of the same composition. 
The average of five analyses given by Washington‘ in connection with his 
studies on the rocks of Kilauea is as follows: SiOQe, 49.7; Al.O3, 13.0; 


* 1 megabar = 10° dynes/cm.? = 1.0197 kg./cm.? = 0.987 atm. 
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Fe,03, 1.6; FeO, 9.8; MgO, 7.9; CaO, 11.0; Na2O, 2.5; K,O, 0.5; HO, 0.5; 
TiOs, 2.8; MnO, 0.1. 

From the specimen a sufficient number of disks were cut to make a 
cylindrical pile about 1.6 cm. in diameter and 20 cm. high. The density 
was 2.851, at 22.4° and the refractive index of the glass was 1.603. 

Experimental Results——Seven separate determinations of the com- 
pressibility of dunite and two of basaltic glass were made. The pressure 
range was 2000 to 12,000 megabars. In table 1 are shown the experi- 
mental results for dunite. 

The relation between pressure and volume-change for dunite is expressed 
with sufficient accuracy by the linear equation: 

= = a + b(P—2000) (4) 
0 


in which Bs is the fractional change in volume (referred to the volume 
0 

at 2000 megabars) caused by an increase in pressure from 2000 to P 
megabars. It may be noted that in the case of substances of very low 
compressibility it is immaterial whether one takes Vp in equation (1) as 
the volume at P = 0 or P = 2000. 

For each series of measurements the values of a and 0 in this equation 
were calculated by the method of least squares. How well the equation, 


with the constants so determined, fits the data may be seen by a com- 





parison of the ‘“‘observed” and “calculated” values of -— given in 
0 


table 1. The fact that this linear equation fits the data does not neces- 
sarily prove that the compressibility is constant; it indicates merely that 
the change in compressibility over the pressure range from 2000 to 12,000 
megabars is too small to be determined with certainty by the present 
method. The compressibility, 8, is‘defined by the equation: 


1 dV 
woo ee (5) 
Vy dP 


Hence, by differentiation of equation (4), 8 = b. Strictly, the value of 5 
gives the average compressibility over the given range of pressure, or, since 
this pressure range is 2000 to 12,000 megabars, it gives the compressibility 
at the mid-point—7000 megabars. 

For the dunite, the average value of b is 0.812 X 10~*, which, then, is the 
most probable value of the compressibility at 7000 megabars. In the seven 
determinations of b the average deviation from the mean (regardless of 
sign) is 0.01, X 10~* and the greatest deviation is 0.03) X 10~°. 

The average of the two determinations of the basaltic glass (the excellent 
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agreement of which is rather better than ordinarily would be expected) 
gives for the mean, 1.45 X 10-®. (See Table 2.) 


TABLE 2 
RESULTS FOR BASALTIC GLASS 
(1) (2) 


104¢ = 0.1 ; 10’a = 1.5 
10% = 1.451 10% = 1.449 
PRESSURE — AV/Voe X 10? DIFF. —AV/Vo X 102 DIFF. 
(MEGABARS) (oBs.) (CALC.) xX 104 (oBs.) (caALc.) X 104 
12,000 1.450 1.452 —0.2 1.459 1.464 —0.5 
11,000 1.308 1.307 0.1 1.317 1.319 —0.2 
10,000 1.157 1.162 —0.5 se 8 1.174 —0.3 
9,000 1.013 1.017 —0.4 1.024 1.029 —0.5 
8,000 0.875 0.871 0.4 0.891 0.884 0.7 
7,000 0.735 0.726 0.9 0.749 0.739 1.0 
6,000 0.579 0.581 —0.2 0.589 0.594 —-0.5 
5,000 0.445 0.436 0.9 0.464 0.449 1.5 
4,000 0.284 0.291 —0.7 0.302 0.305: —0.3 
3,000 0.143 0.146 —0.3 0.164 0.160 0.4 
2,000 0.000 0.001 —0.1 0.000 0.015 —1.6 


Change of Compressibility with Pressure —The present method for meas- 
uring the compressibility of solids has a certain advantage in determining 
the cubic compressibility by a single series of measurements. On the 
other hand, the method is not quite delicate enough to determine satis- 
factorily the change of compressibility with pressure in the case of sub- 
stances of low compressibility. Bridgman’s method for determining 
linear compressibility, however, is capable of measuring accurately the 
difference between the compressibility at low pressures and at high 
pressures. From an examination of the data on metals and other solids 
it appears that there is an approximate relation between the compressi- 
bility and its change with pressure. It will be shown in another publica- 
tion that, for a solid having the compressibility of dunite, the probable 
decrease in compressibility is 0.006 X 10~® per 1000 megabars’ increase 
in pressure. Applying this value of AB/AP to the average compressi- 
bility of dunite over the experimental pressure range, we conclude that 
the compressibility of dunite is 


0.84 X 10~* reciprocal megabars at P = 2000. 
0.79 X 10~* reciprocal megabars at P = 10,000. 


On the basis of previous investigations on the compressibility of rocks 
and minerals it is believed that the compressibility of olivine itself would 
be practically the same as that of the dunite, and that a variation in the 
relative amounts of iron and magnesium would make little difference in 
the compressibility. 

As for the basaltic glass, it is not safe to assume that the change of com- 
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pressibility of this material would fall into line with that of the crystalline 
substances. Probably Af/AP for basaltic glass is very small. However, 
it will be sufficient for the present, to state that the average cubic com- 
pressibility, between 2000 and 12,000 megabars, of this basaltic glass is 


1.45 X 10~* reciprocal megabars. 


Working with a specimen of basaltic glass practically identical with that 
used by us, Bridgman® noted that at pressures above 7000 kg./cm.? (at 
19°) the linear compressibility in a certain direction became negative. 
In other words, the length of Bridgman’s specimen first decreased and then 
increased as the pressure was raised. It may be noted that no such 
abnormality was observed in the case of the cubic compressibility. 

Velocity of Earthquake Waves.—The velocity with which vibrational 
disturbances travel through a material may be calculated from the elastic 
constants and the density. The equations 


13.13 
U ies —— 6 
p +/10°Bp ( ) 
i" 7.37 
U s = tn 7 
V 10°8p e 


give, in convenient form, the velocities of longitudinal (U,) and of trans- 
verse (U,) waves corresponding, respectively, to the first and second pre- 
liminary tremors observed in seismologic records. In these equations, 
the velocities are expressed in km./sec., the compressibility 8 is in recipro- 
cal megabars, and the density p is in g./em.* Moreover, the assumption 
made that for silicate rocks under moderate or high pressure Poisson’s 
ratio® is 0.27. 

The velocity of the longitudinal and transverse waves at various depths 
below the surface of the Earth is known from seismologic data. Hence, 
as shown in a former publication from this Laboratory, a comparison of 
these velocities with those calculated from the elastic constants of various 
rocks provides a key for elucidating the problem of the Earth’s interior. 

The region about 60 km. below the surface is of especial interest. With 
increasing depth the velocity of the longitudinal waves is known to in- 
crease slowly to a depth of 60 km., and at this level to change suddenly 
from about 5.9 to 7.9 or 8.0 km./sec. The velocity in ordinary igneous 
rocks increases with increasing basicity and in a typical gabbro is only 
7.1 km./sec. at 10,000 megabars, while at a pressure corresponding to 60 
km. depth it would probably be less than 7.3 km./sec. The effect of tem- 
perature, if any, would be to lower this value. Hence, the high velocity 
at 60 km. depth, as determined from seismologic data, apparently demands 
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the existence of rocks more basic than gabbro at depths of 60 km. and 
greater. 

Now, from equation (6) we may calculate that in dunite the velocity of 
the longitudinal waves is 7.9 km./sec. at low pressure, 8.2 at 10,000 mega- 
bars and 8.4 at 17,000 megabars (the approximate pressure at 60 km.). 
The ultra-basic rocks, thus, afford a sufficiently high velocity to account 
for the seismologic results. 

We may make the comparison in terms of compressibility rather than 
velocity. If U, = 8.0, then, according to equation (6) 10°Bp = 2.69, 
and if p = 3.0 (a reasonable value for a gabbro rock), 10°8 = 0.90 which is 
far less than the compressibility of any gabbro. On the other hand, 
assuming that p = 3.3 (the density of average dunite), we obtain 10°8 
= 0.81, which is close to the observed compressibility of dunite. 

The present series of measurements, therefore, gives excellent support 
to the conclusion already reached by previous work in this Laboratory 
that the Earth, except for a thin crust and for a metallic core, consists 
entirely of ultra-basic rock. In the previous investigation the velocity, 
U,, in dunite was given as 7.4 km./sec. and was obtained by an indirect 
method. The difference between the older and the newer figure (7.9 
at low pressures and 8.2 at 10,000 megabars) is partly due to the fact that 
the compressibility of the standard of reference, soft steel, is now taken at 
a lower value than formerly.* 

At 60 km. depth the pressure is such that the velocity U, in dunite should 
be about 8.4 km./sec. as calculated from our measurements, whereas the 
velocity of the longitudinal earthquake waves at this depth within the 
Earth is 7.9 to 8.0 km./sec. If the effect of temperature on the elastic 
constants, and hence on the wave-velocity, were negligible, it would follow 
that the material below 60 km. consists of a mixture of olivine with some 
less basic silicate, say hypersthene. Probably at high pressures the effect 
of temperature is not large, but whatever effect there may be would tend 
to bring the wave-velocity in dunite closer to the actual velocity, 8.0 km./- 
sec., at 60 km. depth. Measurements of the compressibility of rocks at 
high temperatures would enable one to make a precise estimate of the 
composition of the Earth’s interior. ‘Granting the accuracy of the seis- 
mological results it appears, however, that the material below 60 km. 
consists of a peridotite containing more olivine than hypersthene. 

Incidentally, we may note that seismologic data afford us a rough esti- 
mate of the increase of elasticity with pressure (supposing the effect of 
temperature to be negligible). Thus at 1300 km. depth the bulk modulus 
K (that is, the reciprocal of the compressibility 8) is known to be 3.4 X 10° 
and the pressure is 500,000 megabars; and at 100 km. depth K is 1.1 X 10° 
and the pressure is 28,000 megabars. Hence the increase of K for 10,000 
megabars’ increase of pressure is 0.05. This is of the same order of magni- 
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tude as the amount 0.09 which is the increase in K per 10,000 megabars 
corresponding to the average value of AB/ AP (see above) for solids of the 
compressibility of dunite. 

The measurements on the basaltic glass were made because it has been 
thought that the velocity in a glass having the composition of a basic 
rock might possibly be ‘higher than in a crystalline rock of the same com- 
position, and thus might account for the high earthquake velocities at a 
depth of 60 km. without assuming the existence, there, of peridotitic 
material. It was known that the velocity in a glass is usually less than in 
a crystalline material of the same composition, but it seemed worthwhile 
actually to measure the elasticity of a basaltic glass. From the compressi- 
bility of this glass we may calculate by equation (6) that U, is 6.45 km./sec. 
This rock, if crystalline, would have approximately the following mineral 
composition: labradorite (Ab: Ani), 48; augite, 47; magnetite, 5. From 
this we may calculate’ that for a crystalline rock having the same composi- 
tion as this tachylite 8 would equal 1.2 (average from 2000 to 12,000 
megabars) and p would equal 2.95. Hence U,, the velocity of longitudi- 
nal waves, would equal 7.0, which is to be compared with 6.45, the value 
for the glass. ‘Thus the velocity for this material follows the rule in that 
it is less in the glassy than in the crystalline form. In other words the 
high wave velocity in the Earth below the ‘‘crust’’ demands the existence 
of ultra-basic rock and cannot be attributed to the presence of basaltic 
material either in the crystalline or vitreous state. Whatever basaltic 
material there may be within the Earth is probably confined to a com- 
paratively thin zone. 

Summary.—Direct measurements have been made on the cubic com- 
pressibility of a dunite, which consisted almost entirely of olivine. The 
average compressibility in the pressure range 2000 to 12,000 megabars was 
found to be 0.81 X 10~* per megabar. On the assumption that for this 
material the change of compressibility with pressure is approximately a 
function of the compressibility, we conclude that at 2000 megabars the 
compressibility of dunite (or of olivine) is 0.84 X 10~* and at 10,000 mega- 
bars is 0.79 X 10~*. 

From the compressibility and the density the velocity of longitudinal 
waves in dunite is calculated to be 7.9 km./sec. at 2000 megabars, 8.2 at 
10,000 megabars and 8.4 at 17,000 megabars (the approximate pressure at 
60 km. depth below the surface of the Earth) ; the corresponding velocities 
in gabbro, as determined in a former investigation, are 6.9, 7.1 and 7.3. 
Moreover, seismologic data show that the velocity of the longitudinal waves 
at 60 km. depth changes suddenly from 6.0 to 8.0km./sec. Therefore, we 
have very definite indication that at depths greater than 60 km. we have 
a material more basic than gabbro and approaching dunite in composition. 

The effect of the temperature supposed to prevail at that depth is, of 
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course, unknown. Probably it is small, but any such effect would bring 
the composition of the deeper parts of the Earth closer to that of olivine. 

The compressibility of a sample of tachylite (basaltic glass) was also 
measured and found to be 1.45 X 10~® per megabar. The velocity of 
longitudinal waves in this material is calculated to be 6.4; km./sec., 
while the velocity in a holocrystalline rock of the same composition would 
be 6.9 km./sec. 

11. H. Adams and E. D. Williamson, ‘““The Compressibility of Minerals and Rocks 
at High Pressures,” J. Franklin Inst.,.195, 1923 (474-529). 

2 Op. cit.; see also L. H. Adams, E. D. Williamson and J. Johnston, J. Am. Chem. 
Soc., 41, 1919 (12-42). 

3 Bridgman, P. W., Proc. Am. Acad. Arts Sci., 58, 1923 (174). 

4 Washington, H. S., ‘Petrology of the Hawaiian Islands. III. Kilauea and Gen- 
eral Petrology,” Am. J. Sci., 6, 1923 (351). 

5 Bridgman, P. W., Am. J. Sci., 10, 1925 (859-367). 

6 Adams and Williamson, J. Franklin Inst., 195, 1923 (524). 

7 Op. cit., pp. 517, et seq. 

8 For a discussion of the evidence in favor of a glassy, basaltic substratum, see R. A. 
Daly, Proc. Am. Philosoph. Soc., 64, 1925 (283-307). 


RADIAL VELOCITIES OF 368 HELIUM STARS 


By Epwin B. Frost, Storrs B, BARRETT AND OTTO STRUVE 
YERKES OBSERVATORY, WILLIAMS BAy, WISCONSIN 


Read before the Academy November 11, 1925 


The determination of the radial velocities of the brighter helium stars 
(classes O and B) has been since 1901 an important item in the program 
of the Bruce Spectrograph attached to the 40-inch telescope. At that 
time it had not been established that sufficiently accurate values of the 
velocity could be obtained for stars of this class with broad lines. This 
was demonstrated, however, by the observations of the first score of these 
stars by Frost and Adams, and the work has continued until now we are 
able to present results for 368 stars of this type, mostly brighter than 
visual magnitude 5.5 and including essentially all of these stars of that 
degree of brightness north of 15° south declination. Numerous bright 
stars south of this limit have been included. The work has progressed 
slowly, because only about one-third of the night hours of the 40-inch 
telescope could be assigned to the spectrograph, and because our program 
has simultaneously included about 500 stars of class A, as well as a selection 
of visual binary stars, and a list of standard velocity stars observed with 
high dispersion. 

One hundred and fifty-eight, or 42 per cent, of these 368 stars of classes 
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O and B have already been found to be spectroscopic binaries, 83 of them 
having been announced from the Yerkes Observatory. 

While the period of revolution of the spectroscopic binaries of these 
classes thus far discovered is generally only a few days, some have been 
found which are reckoned in years, such as Nu Geminorum, with a period 
of 9!/, years; and it seems certain that Beta Cephei, which has the shortest 
period of the stars included in our list (4" 34™), also has a second revolution 
in a period of about 18 years. 

It was originally planned to secure not less than three spectrograms of 
each star, but it was necessary largely to increase this number for the stars 
whose velocities were found to be variable. The total number of spectro- 
grams measured and included in this paper is 2431. Of these, 2185 
were taken with a dispersion of one prism, which was found most suitable 
for the spectra having diffuse lines. Sixteen were obtained with two 
prisms and 230 were taken with three prisms. The linear values of the 
dispersion of these three combinations at \ 4500, which was the central 
ray for the optical system, were, respectively, 30, 20 and 10 Angstroms 
per millimeter. 

The observations at the telescope and measurement of the plates have 
been done by several other members of the staff of the Observatory in ad- 
dition to those named above, chiefly by Walter S. Adams and Oliver J. Lee. 

The principal chemical elements whose lines were measured for fixing 
the radial velocities were hydrogen, helium, silicon, magnesium, calcium, 
oxygen, nitrogen, carbon, titanium and iron. For comparison, the spark 
spectra of titanium and of iron have been impressed upon the plates 
at the beginning and at the end of the exposure to the star. Rowland’s 
values of wave-lengths for the solar spectrum were used for the lines of 
the comparison spectra, while for the stellar lines the best available de- 
terminations in the laboratory were employed. 

The derivation of the apex and velocity of the sun’s motion is affected 
by the somewhat unbalanced distribution of the stars employed, inasmuch 
as only very few stars south of —30° could be observed here. The sky 
was divided into 48 equal areas, according to the scheme of C. V. L. 
Charlier. After the omission of 18 stars for which the velocities seemed 
to be uncertain, it was found that 37 of the areas could be used for the 
least squares solution. Equal weights were assigned to each area so that 
the large number of stars in the region of Orion and Monoceros should 
not have too predominant an influence. This solution yielded the fol- 
lowing results: the right ascension of the apex is 283.8°, the declination is 
+11.7°; the velocity of the solar motion is 17.2 km./sec. The average 
residual velocity is 10.0 km./sec. This includes the accidental errors of 
observation, indicated by the average probable error of +3.5 km./sec., 
and the radial component of the random velocities of the stars, 
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which amounts to 9.4 km./sec. This is larger than the value of 
7.0 km./sec., found by Frost and Adams for the first 20 bright stars, 
indicating that the average residual velocity increases as we use fainter 
stars. If we group our 350 stars according to magnitude we find that 
those of magnitude brighter than 2.0 have an average residual velocity of 6 
km./sec., while those fainter than magnitude 5.3 have an average residual 
velocity of 12km./sec. The rest of the stars have intermediate velocities. 

It is still impossible to offer any adequate explanation of the K-term, 
amounting to 5.6 km./sec. It would be explained if we could adopt the 
idea that the group of helium stars is expanding outward with that ve- 
locity. If the wave-lengths of the lines in these stars were in the blue and 
violet part of the spectrum about 0.08 A longer than in the laboratory, 
this excess of positive velocity or recession could be accounted for. The 
values of the wave-lengths of the helium lines used in our reductions have 
been those determined by Paul W. Merrill at the Bureau of Standards 
with the interferometer, referred to the cadmium standard. The faint 
components of some of the helium lines that are double, like \ 4472, were 
not blended in Merrill’s wave-lengths in proportion to the apparent 
intensities in the laboratory. This tends to increase the K-effect by about 
1 km. Dr. S. Albrecht, of the Dudley Observatory, has been re-deter- 
mining the wave-lengths of lines in the stars of class B in the measures 
for the radial velocity by Frost and Adams with a dispersion of three 
prisms. The use of his values, instead of the laboratory wave-lengths 
for helium lines by Merrill, would tend to reduce the K-term by a frac- 
tion of 1 km., approaching the value obtained by W. W. Campbell 
from measurements of 225 B stars. It cannot be accounted for by differ- 
ential effects between the shorter and the longer wave-lengths on our 
plates, as these have been allowed for. The Einstein displacement due 
to the gravitational field of these comparatively massive stars may rea- 
sonably account for a part of this, and the downward convection in the 
stellar atmospheres may be the cause of another part of the K-effect. 

During this work a specification has been given for each star as to the 
suitability of its lines for exact measurement, the number of lines being 
classed as many or few, and their quality as good, fair or poor. ‘The re- 
sults for the 368 stars are as follows: 


NUMBER NUMBER QUALITY 
OF STARS OF LINES OF LINES 
45 Many Good 
59 Few Good 
17 Many Fair 
101 Few Fair 
7 Many Poor 
139 Few Poor 


The complete paper will be published in the Astrophysical Journal. 
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VISUAL OBSERVATIONS OF THE SOLAR ATMOSPHERE 
By Grorcek E. HALe 
Mount WILSON OBSERVATORY, PASADENA, CALIFORNIA 


Communicated April 25, 1926 


The spectrohelioscope, an instrument for observing the sun in mono- 
chromatic light, has been briefly described in a previous article.' The same 
optical parts employed in the preliminary work are now rigidly mounted 
in a vertical position in my new Solar Laboratory in Pasadena (a branch 
of the Mount Wilson Observatory). The second mirror of the coelostat, 
which stands at the summit of a low tower, sends the sun’s rays vertically 
downward to a 30-cm. objective (kindly loaned me by the Yerkes Observa- 
tory) which forms a 5-cm. image of the sun on the slit of a spectroscope 
standing in a well excavated in the earth below the laboratory at the base 
of the tower. This spectroscope, like the one used for the study of the sun- 
spot spectra with the large tower telescope on Mount Wilson, has a focal 
length of 23 meters. It differs from that instrument, however, in having 
a skeleton tube running from the top to the bottom of the well, which car- 
ries at its upper end a reflecting spectroscope of 15 cm. aperture and 4 
meters focal length, available for use as a spectrohelioscope or as a spectro- 
heliograph. The oscillating slit-bar which served in the earlier work is still 
used, but by reducing the amplitude of oscillation to about 6 mm., single 
slits 0.08 mm. wide at each end of the bar are made to serve instead of the 
two sets of five slits previously employed. As the bar oscillates, the first 
slit moves back and forth over a part of the 5-cm. solar image, while the 
hydrogen line Ha, in the bright first order spectrum of a very fine plane 
grating ruled by Jacomini with 600 lines to the millimeter, moves alter- 
nately toward red and violet. When the second slit on the bar is set on 
this line, slit and line move exactly together. Thus the observer, looking 
with a low-power eyepiece through the rapidly oscillating second slit, sees 
a portion of the sun (about 6 mm. wide and 12 mm. long) in monochromatic 
hydrogen light. If the second slit (which with the dispersion employed 
is narrower than Ha) is set on the middle of the line, the sun is materially 
darkened, and the bright and dark flocculi, caused by increased radiation 
or absorption in various portions of the hydrogen atmosphere, are seen in 
projection against the disk. Prominences which extend beyond the limb 
appear dark against the disk and bright against the much less brilliant sky. 

In general, therefore, the spectrohelioscope differs in its function from 
the spectroheliograph chiefly in rendering easily visible the phenomena 
long since discovered photographically with the latter instrument. Thus 
its usefulness might seem to be limited to service as a scouting auxiliary of 
the spectroheliograph or spectrograph. It will soon be evident that this is 
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not the case. In fact, it seems probable that the spectrohelioscope may 
ultimately prove as generally useful as the spectroheliograph. Some of 
the reasons for. this belief will appear from a glance at various possible 
applications of the spectrohelioscope in solar research. 

Detection of Exceptional Phenomena.—As a guide to the most effective 
use of the spectrograph and spectroheliograph, the spectrohelioscope 
should be of great value. The impossibility of seeing against the brilliant 
photosphere the rapidly changing phenomena of the solar atmosphere has 
always been a serious obstacle in work with these instruments. A choice 
of the most interesting regions for study must be made and this can be 
done far more quickly and effectively by visual than by photographic means. 
Moreover, if the spectrohelioscope be provided with a device for indicating 
the exact position of the second slit on the Ha line, the precise setting of 
the second slit of the spectroheliograph required to show certain bright or 
dark flocculi moving with considerable radial velocity can be found in a 
moment. Finally, it is much easier and less expensive to glance at the sun 
with the spectrohelioscope several times a day, in order to detect the first 
indications of important phenomena, than to find them by the exposure 
and development of a long series of photographs. 

Observations with Light of Different Wave-Lengths.—One of the most 
valuable qualities of the spectroheliograph is its power of singling out and 
recording either bright or dark flocculi moving rapidly in the line of sight. 
Remarkable effects of this kind were obtained by Ellerman and myself 
many years ago, by a method which permitted two photographs of the 


- same region of the sun to be taken simultaneously with light from the 


red and violet sides of Ha, at points equidistant from the center of the line.? 
If it is desired to minimize this separating effect, and thus to obtain photo- 
graphs integrating in a single image all bright and dark flocculi except the 
occasional ones moving with great radial velocities, this can be partially 
accomplished by using the lowest dispersion compatible with good con- 
trast. But the discriminating power of high dispersion is very advanta- 
geous, and a method that permits it to be utilized, without the consequent 
limitations which confinement to one or two slit positions entails, is much 
to be desired. This is afforded by the spectrohelioscope, because of the 
extreme ease, while observations are in progress, of moving the second 
slit back and forth across the Ha line by means of a micrometer screw. 
Thus the flocculi can be studied in all of their varied aspects, and by moving 
the second slit beyond the edges of Ha the spots and faculae beneath them 
can be examined for comparison. 

I shall not attempt to describe in this article the many interesting phe- 
nomena thus rendered visible, but some of them will be mentioned in the 
following paragraphs in order to render clear the various uses of the 
spectrohelioscope. 
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Chromosphere and Prominences.—By the aid of the electric slow motions 
of the second mirror of the coelostat, the entire circumference of the sun can 
be examined in a few moments. As compared with the customary spectro- 
scopic method of observing the chromosphere and prominences with a 
wide slit, the spectrohelioscope not only permits their connection with 
phenomena on the disk to: be clearly seen, but also offers two other advan- 
tages: a wider field of view and the use of strictly monochromatic light. 
It is frequently true that the hydrogen (Ha) light from prominences is by 
no means monochromatic, either because of physical conditions that pro- 
duce great widening of the line (as in ‘“‘bombs’’) or because of marked 
differences in the radial velocity of their various parts, some of which may 
be superposed. Thus when the slit of a spectroscope is widened suffi- 
ciently to show a prominence such effects are confused in its image, whereas 
the spectrohelioscope permits them to be separated. 

The dark filaments, which have been extensively studied by Deslandres 
and d’Azambuja with the spectroheliograph and the velocity spectrograph 
at Meudon and by Evershed and Royds with the spectroheliograph at 
Kodaikanal, are beautifully shown by the spectrohelioscope. These 
interesting objects are prominences projected upon the disk, and with the 
spectrohelioscope I have observed many of them extending far beyond the 
limb. Some of these reached outward like the slender trunk of a tree, 
branching near the top. In one case, at a certain setting of the second slit 
on Ha, a still narrower dark column was seen superposed on the bright 
trunk. This was easily distinguished as an effect of absorption, as it 
disappeared, disclosing the bright hydrogen behind it, when the second 
slit was moved to a different position on the line. Inclined prominences 
of this slender type will repay careful study. They make a considerable 
angle with the solar surface, which could be approximately determined by 
the aid of stereoscopic photographs and by observations taken during 
their passage over the limb. In the case just mentioned the trunk of the 
prominence appeared dark against the disk, where it was best seen when the 
second slit was shifted from the position which displayed most clearly the 
outer part of the prominence projecting beyond the limb. The trunk con- 
tinued across the disk toward a sun-spot group, but spread out into several 
dark branches before reaching it. On another occasion (February 17, 
1926) the slender trunk of a similar prominence at the limb reached a small 
spot, where its greatly curved extremity plainly showed the absorbing gas 
entering the associated hydrogen vortex. Eighteen hours later this prom- 
inence no longer extended beyond the limb, but was seen as a diffuse object 
against the disk, greatly reduced in length, as though much of the slender 
trunk had been drawn into the spot vortex, which was still plainly visible. 

Two other types of prominences are long narrow ridges and high arches. 
Both appear dark on the disk when the second slit is set near the middle of 
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Ha, but when it is moved toward the edges of the line the high dark masses 
are shown to rise from a wider luminous base, different in form and pre- 
sumably. representing the hotter gas at lower levels. I have previously 
studied such prominences on spectroheliograph plates, and determined 
their form stereoscopically. But the changes in their appearance seen 
while moving the second slit back and forth over Ha are very illuminating, 
and suggest that much will be learned of their nature by careful visual 
observations. 

A valuable feature of the spectrohelioscope is its power of rendering vis- 
ible the spots and faculae (the latter when near the limb) by a quick dis- 
placement of the second slit sufficient to throw it off the Ha line. Thus 
their exact position with reference to the hydrogen flocculi in the surround- 
ing atmosphere can be determined. By using a single first slit and two 
second slits, one of the latter set on the Ha line, the other on the continuous 
spectrum five or six millimeters away, two images of the same region of the 
sun appear side by side in the field, one showing the spots, the other the 
hydrogen flocculi. Such a comparison would be useful, for example, in 
classifying sun-spots by our magnetic method, where it is often necessary 
to ascertain whether a single spot is followed or preceded by a train of 
flocculi. If the hydrogen flocculi exhibit any characteristic phenomena 
prior to the birth of a spot, or in association with the invisible spots de- 
scribed in the article just cited, systematic observations with the spectro- 
helioscope might reveal them. 

Solar Eruptions and Terrestrial Phenomena.—In working with the spec- 
trohelioscope, one is struck with the ease of detecting and observing erup- 
tive phenomena on the disk. When these are violent enough to produce 
distortions of the Ha line, their existence is readily detected with the spec- 
troscope. ‘The spectrohelioscope, however, not only permits their forms 
and rapid changes to be observed, but also reveals velocity differences too 
small to produce any perceptible distortion of Ha. Thus in eruptive 
regions near the center of the sun the maximum intensity of the bright 
flocculi usually corresponds with positions of the second slit on the violet 
side of Ha, indicating the ascent of the hot hydrogen. At high altitudes 
the gas cools sufficiently to produce absorption, and the resulting dark 
flocculi are shown in their descent toward the surface, when the second 
slit is moved toward the red. The méan velocities are readily determined 
by recording the exact positions of the second slit on the wide Ha line. 

The eruptions thus readily detected can also be followed through all 
their changes with the spectrohelioscope. Usually they are confined to 
small areas surrounding (for the most part following) the spots of active 
groups. Occasionally, however, they break out on a tremendous scale, 
as in a recent instance. On January 24, 1926, while testing the spectro- 
helioscope between 11" 40™ and 12" 15™ P.S.T., I observed a bright 
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eruption in and following the great spot-group then visible (latitude about 
22°N.). Its form changed rapidly and Ha was so much distorted in places 
that the rapidly descending dark flocculi could be seen when the second 
slit was displaced far beyond the line toward the red. On January 25th 
the eruption, then extraordinarily brilliant, continued throughout the 
morning and most of the afternoon. The sodium lines D; and Ds, and the 
helium line D; were brightly reversed in the large spot. At certain points 
following the spot D; appeared dark and greatly distorted toward the red. 
The next morning the great eruption seemed to be over, but at noon a 
small bright eruption was seen for a few minutes on the edge of the bridge 
in the large spot. On January 27th another small and short-lived eruption 
was seen near the largest spot. Subsequently I learned from Professor 
Stérmer that he observed at Oslo on the evening of January 26th the brightest 
(red) aurora he had seen for years. On January 26th the most intense mag- 
netic disturbance in five years was recorded at the Royal Observatory, 
Greenwich. According to a note in Nature for February 6th, ‘‘the dis- 
turbance commenced at 16'/2 h., rose to a considerable maximum, and 
subsided soon after 5 h. on the following morning.” 

Unfortunately, at the time of this eruption the spectrohelioscope was 
still in the experimental stage, and not suitable for observations of pre- 
cision. I am convinced, however, that in its perfected form it will afford 
the best available means of studying the relationship between solar erup- 
tions and terrestrial phenomena. It is well adapted, not merely for the 
observation of short-lived outbreaks, but also for the rapid measurement 
of the areas of all dark and bright hydrogen flocculi, including those which 
escape the spectroheliograph because of their motion in the line of sight. 

Vortex Phenomena.—The law of sun-spot polarity, which presumably 
depends upon the direction of whirl in sun-spot vortices (within the photo- 
sphere), has been given in previous articles. A first step in determining 
the law of storms in the overlying atmosphere of the sun was described in 
a later paper, in which it was shown that about 80 per cent of the hydrogen 
vortices above 51 sun-spots corresponded in direction of whirl with terres- 
trial cyclones and tornadoes. A large number of observations will be 
required to determine this second law and to interpret the exceptions, and 
these can be made to advantage with the spectrohelioscope. Slight 
changes in the position of the second slit are often needed to render visible 
the vortex structure, and these are easily effected by the observer while 
examining the vicinity of each spot. The vortices thus far observed vis- 
ually, like those previously studied on spectroheliograms, are in general 
harmony with the terrestrial law of storms. This indicates, as shown in 
the paper last cited, that the direction of whirl in a vortex above a spot 
may be opposite to that of the spot vortex below. But as Bijerknes 
has pointed out in a hydrodynamical study of sun-spot vortices soon to 
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appear as one of the Mount Wilson Contributions, there is no objection to 
this in theory. The possibility of maintaining for some time a right- 
or left-handed vortex at a water surface by means of a paddle whirling 
in the opposite direction a few inches below, which I demonstrated experi- 
mentally many years ago, is another case in point. 

The law of storms in the solar atmosphere may be derived from simple 
statistical studies, which merely require the direction of whirl in the hy- 
drogen vortices to be recorded. More intimate understanding of these 
vortices, however, must be based upon observations of their detailed phe- 
nomena. An illustration of such observations, showing how the trunk 
of a long slender prominence, inclined to the solar surface, was apparently 
(though not certainly) drawn into a hydrogen vortex over a spot, has been 
given on a previous page. Another class of work for which the spectro- 
helioscope is especially fitted is the distinction between arched prominences 
near sun-spot groups and the typical vortex structure with which they may 
sometimes be confused. Some of these arches may arise from small jet 
eruptions of the type mentioned above, and the possibility of discriminat- 
ing clearly between the ascending and descending hydrogen is important. 

The hydrogen vortices can also be studied with the spectrohelioscope in 
cross section at or near the sun’s limb. My records already contain some 
striking cases of this kind, in which small prominences on opposite sides 
of a spot were found to be moving in opposite directions in the line of sight. 
Thus on February 26th a small bright ‘‘spike” prominence near one side of 
a spot was visible alone when the second slit was set at the extreme red 
edge of Ha, while a similar spike, on the opposite side of the spot, appeared 
when the slit was moved to the center of the line, where a fainter arch, 
nearly uniting the two spikes, was also visible. At the extreme violet edge 
of Ha the arch and the first spike had disappeared, and only the second 
spike persisted. Similar phenomena were observed when the spot reached 
the west limb on the following day, and the influence of the hydrogen vor- 
tex in drawing towards the spot the upper parts of three neighboring 
prominences was then beautifully seen. Another interesting phenomenon 
was the appearance near the spot of a small brilliant spike prominence, 
giving a greatly widened line, so that the spike could be seen when the 
second slit was well beyond both the red and the violet edges of the dark 
Ha line. This object, because of its small size, brief duration (only a few 
minutes), and marked widening of Ha thus closely corresponds in character 
with the ‘“‘bombs”’ occasionally observed on the sun’s disk near active spots 
in the course of the magnetic records on Mount Wilson. 

Observations with Other Lines.—There is, of course, no reason why observa- 
tions with the spectrohelioscope should be confined to Ha, though this line 
shows the most striking phenomena. The hydrogen flocculi have also been 
seen with H8, with such differences in general character as I have noted in 
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previous papers.’ Thus far I have tried only a few other lines, including 
the D lines of sodium, the } lines of magnesium, and a few of iron. The 
second order of the grating, used with the reflecting spectroscope of 4 
m. focal length, serves very well for these lines, but I have also made some 
promising experiments with the grating at the bottom of the well, used as 
a Littrow spectroscope .with an achromatic objective of 15 cm. aperture 
and 23 m. focal length: the arrangement primarily designed for the study 
of spot spectra with high dispersion. At the center of the D and 3 lines 
a structureless smoky veil appears to be drawn over the spots, obscuring 
the smaller ones and rendering the larger ones indistinct. But the details 
of these observations must be reserved for a later paper. 

Magnetic and Electric Phenomena.—The spectrohelioscope offers a new 
means of searching for solar magnetic and electric phenomena. While 
it is less efficient than a high-dispersion spectroscope for most purposes of 
this kind, some methods which have suggested themselves may at least be 
of speculative interest. 

Imagine a Zeeman triplet in the spectrum of a spark between the poles 
of a magnet. If observed along the lines of force, only the two outer 
components appear. In a spectrohelioscope, with the second slit set on 
either component, the form of the luminous vapor emitting this line will 
be seen. As the two components are circularly polarized in opposite di- 
rections, either one can be extinguished by means of a quarter-wave plate 
and Nicol prism. If these are used with a spectrohelioscope, the spark can 
be seen only when the second slit is set on the visible component. 

In sun-spots which are not too near the sun’s limb, the outer components 
of magnetic triplets are elliptically polarized to such a degree that they can 
be almost completely cut off in the same way. Thus if it were not for the 
continuous absorption in its spectrum, a spot could be made to appear and 
disappear by observing it with the second slit of a spectrohelioscope set 
on one of the outer components of such a spot triplet and rotating a quarter- 
wave plate above a fixed Nicol. With a fixed compound quarter-wave 
plate, such as we use in our magnetic observations, spots of north polarity 
would be seen through one set of strips and those of south polarity through 
the alternate strips. In practice this method of segregating according to 
their polarities the many members of complicated spot groups cannot be 
applied because of the continuous absorption and the wide range in 
field-strength of the large and small spots. But the method may not be 
without value. 

Theoretically, it could be used to disclose the existence of the general 
magnetic field of the sun and to render visible the small invisible spots 
described in a previous article. In both cases no continuous absorption 
would stand in the way, but the displacements due to the weak field of 
invisible spots and to the much weaker general field of the sun may be too 
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small for detection. The procedure would obviously be to use the highest 
possible dispersion (probably the second order spectrum of the Littrow 
spectroscope of 23 m. focal length) and set the oscillating second slit 
closely against the edge of a suitable line and slightly overlapping it. 
A compound quarter-wave plate and Nicol should be mounted over the 
first slit, and above these a rotating half-wave plate. The presence of 
the general magnetic field would then be disclosed by a slight periodic dark- 
ening of one set of strips, while the intermediate strips would simultaneously 
become brighter. As for invisible spots, they might appear and disap- 
pear as the half-wave plate revolved, because of the local periodic widening 
of the line. But it is more than doubtful whether such slight effects 
could actually be seen. 

I have not altogether abandoned the search for electric fields in the 
sun, though both theory and observation give little hope of finding them.°® 
The most obvious method is to seek for signs of the Stark effect in sus- 
pected regions, by observations of favorable lines (notably Ha) and 
tests for plane polarization of their edges. In the case of lines asym- 
metrically affected by electric fields, slight shifts in position might also be 
found. ‘The spectrohelioscope method would be to set the second slit 
on the edge of a line and note any periodic change in the intensity of 
the region emitting it caused by the rotation of a half-wave plate above 
a Nicol. Thus it would be a question, not of detecting a slight change 
in the width of a line, plane polarized at the edges, but of perceiving 
periodic changes in the intensity of the object emitting it. In other 
words, the problem would become a photometric one, and this might con- 
ceivably prove to be an advantage. A recent test, made in a slightly 
different way, of a bright spike prominence showed no apparent change 
of intensity. But the available polarizing apparatus was not of the 
best type, and the dispersion was merely that of the 4 m. spectrohelio- 
scope. More adequate tests will be made with high dispersion as soon as 
circumstances permit. 

Laboratory Uses.—The spectrohelioscope should prove of service in 
the laboratory for the study of arcs, sparks and other light-sources with 
lines of various types. With low or moderate dispersion, differences in 
the distribution of the vapors emitting lines corresponding to various 
degrees of ionization could easily be detected. With high dispersion the 
regions giving the pole effect or producing pressure displacements or asym- 
metrical widening could also be examined. 

Instruments and A ccessories.—Thus far, most of my observations have been 
made with the oscillating bar, carrying a set of five slits at each end, which 
was used in the preliminary experiments two years ago. At first five slits 
or three slits were employed, but I now prefer to cover all but the central 
slits, though the increased brightening toward the edges of the field, 
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caused by the effect of the reciprocating motion, is more conspicuous in 
this case. When using an amplitude of five or six millimeters, and cutting 
out the edges of the field with a suitable diaphragm, single slits give very 
satisfactory images and are much better adapted than multiple slits 
for work of precision, because of the disturbing effect of any slight errors 
of spacing. Inthe apparatus now under construction the oscillating bar will 
be replaced by either one of two disks, mounted on carefully made bearings 
and provided with improved motor connections. One of these disks, carry- 
ing several pairs of slits for special purposes mounted along different diam- 
eters, is designed for oscillation through amplitudes which will depend 
upon the brightness of the phenomena under observation and the disper- 
sion and slit-width employed. The other disk, carrying 180 slits accurately 
spaced on diameters two degrees apart, will be used while in rapid rotation. 
If sufficiently well made, this rotating disk should give images free from 
flicker and uniformly bright from edge to edge. In the reflecting spectro- 
scope of 4 m. focal length, with which these disks will generally be em- 
ployed, the lines of the spectrum are slightly inclined. I have, therefore, 
devised a simple optical arrangement to bring them strictly into coincidence 
with the radial slits. An index showing at a glance the exact position 
of the second slit on Ha will also be provided. Another device will permit 
the forms of the flocculi corresponding to settings of the second slit on 
opposite sides of Ha to be compared (as in the “blink” microscope of a 
stereocomparator). Finally, it is hoped that it may ultimately prove 
possible to record all of the observed phenomena photographically. 

Among the accessories provided to facilitate the use of the spectro- 
helioscope is a magnetoscope, showing variations in the horizontal com- 
ponent of the earth’s field caused by solar phenomena, and a glass plate 
ruled with small squares, to be mounted just below the oscillating slit and 
used for measuring the areas and positions of bright or dark flocculi. 
A hydrogen vacuum tube, giving a sharp and narrow Ha line, is employed 
in determining the exact setting of the second slit corresponding to the 
true center of the lime. 

A 5-cm. solar image is well adapted for most classes of work, but I have 
made a few observations under good conditions with a 15-cm. image,'° 
in which I could see the finer structure of the vortices not visible in the 
small image with the eyepiece generally employed. This (positive) eye- 
piece, which magnifies about 2'/, diameters, is mounted in the binocular 
attachment of my Spencer microscope, an arrangement greatly superior, 
for my eyes, to monocular vision. As for the necessary dispersion, I have 
already tested a shorter focus spectroscope, in addition to the spectroscopes 
of 4 m. and 23 m. focal length. This consists of the optical parts of the old 
Kenwood spectroheliograph, mounted in the spectroscope well beneath 
the oscillating bar. I am indebted to Professor Frost for the loan of 
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the two objectives which belong to the Yerkes Observatory. They have 
an aperture of 83 mm. and a focal length of 108cm. The Rowland grating 
was used in the bright second order. Here the dark Ha line was narrower 
than the second slit, which was 0.08 mm. in width. Nevertheless the dark 
flocculi on the sun’s disk were easily seen. I am, therefore, in hopes that 
small prominence spectroscopes, if provided with narrow oscillating slits, 
will ultimately permit most of the phenomena described in this paper to 
be observed by amateur astronomers. 

1 These PROCEEDINGS, 10, 361-363, 1924. 

2? See Annual Reports of the Director of the Mount Wilson Observatory for 1910 
and 1911. The Ha line widens towards the base of the chromosphere, so that to elimi- 
nate differences in form due to differences in level, the two second slits should be ex- 
actly equidistant from the center of the line. 

3 Hale and Nicholson, ‘The Law of Sun-Spot Polarity,’’ Mount Wilson Contributions, 
No. 300; Astrophysical Journal, 62, 270-300, 1925. 

* Miss Mary Proctor has since told me that she saw this brilliant aurora from a steamer 
in the North Atlantic. 

5 These PROCEEDINGS, 10, 53-55, 1924; also presented in greater detail in Mount 
Wilson Contributions, No. 300; Astrophysical Journal, 62, 270-300, 1925. 

6 These PROCEEDINGS, 11, 691-696, 1925. 

7 See, for example, ‘“‘Solar Vortices,”’ Mount Wilson Coniaelisiacit. No. 26; Astro- 
physical Journal, 28, 100-115, 1908. 

8 These PROCEEDINGS, 8, 168-170, 1922. 

9 Hale and Babcock, “‘An Attempt to Measure the Free Electricity in the Sun’s 
Atmosphere,” these PROCEEDINGS, 1, 15-19, 1915. 

10 My new tower telescope is so constructed that by employing a 46-cm. concave 
mirror of pyrex glass in conjunction with either one of two convex quartz mirrors, I can 
obtain a 15-cm. or a 42-cm. solar image. 


CAPILLARY CONDENSATION AND ADSORPTION 
By Wii.iamM C. Bray AND Har D. DRAPER 
DEPARTMENT OF CHEMISTRY, UNIVERSITY OF CALIFORNIA 


Read before the Academy April 26, 1926 


Sorption isotherms for water vapor on certain partially hydrated oxides 
in the form of porous granules have been found to be of the type shown in 
figure 1A. The adsorbents were the catalysts of Series 2of Almquist and 
Bray,! and consisted of copper oxide, manganese dioxide and mixtures of 
these oxides. Weighed samples were evacuated for several hours at 200°, 
and the isotherms at 25° were determined by adding and withdrawing 
quantities of water measured as a gas at 45°. The data for copper oxide, 
corresponding to figure 1A, are shown in table 1, and those for one of the 
mixtures in table 2. In each case the data are arranged in the order in 
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which the readings were made. ‘There was no evidence of hysteresis, 
but the method of measuring the pressure involved the vaporization of a 
little of the sorbed water, so that the final equilibrium may have been ap- 
proached always from one side, whether portions of water were being added 
or withdrawn. 


TABLE 1 
SORPTION OF WATER VAPOR BY COPPER OXIDE AT 25° 
x/m is the number of mg. of water sorbed by 1 g. of granules. - 
p is the vapor pressure in cm. of mercury. 
(po, the vapor pressure of water at 25°, is 2.383 cm. of mercury.) 


x/m 272 253 244 238 #216 198 = 171 136 80 36 45 
p 2.38 2.29 2.29 2.27 2.22 2.18 2:16 2.11 2.08 1.66 1.87 
x/m 56 22 27 36 16 21 25 9 14 19 
p 1.97 0.68 1.29 1.70 0.23 0.64 1.01 0.025 0.26 0.51 
TABLE 2 
SORPTION OF WATER VAPOR BY MIxTuRE: 38.1% Mn0Oh.9, 61.9% CuO 
x/m 13 33 48 54 91 105 126 143 157 = 178 
p 0.012 0.58 1.31 1.47 1.85 1.90 2.05 2.07 2.08 2.08 
x/m 199 207 228 248 273 294 326 375 481 456 
p 2.07. 2.12 2.15 2.20 2:23 2.22 2:23 2.27 ° 2.32 2.34 
x/m 500 527 576 599 651 559 469 401 313 226 
p 2.36 2.37 2.38 2.38 2.388 2.38 2.35 2:31 2.23 2.14 
x/m 131 156 178 = 145 88 63 
p 2.01 2.05 2.09 2.01 1.88 1.52 


The striking feature of all our isotherms is the rapid increase in sorption 
at higher pressures, as shown by the steep portion of the curve, FEB, in 
figure 1A. A similar result was obtained in one experiment with ether and 
manganese dioxide. In every case 85-90% of the sorption took place at 
pressures greater than one-half the vapor pressure of the pure liquid. 

Novelty is not claimed for these results. They are very similar to many 
examples with silica gel or other gels and various vapors furnished by the 
well-known investigations of van Bemmelen, and of Zsigmondy and his co- 
workers. Other examples are water with various gas-mask charcoals, 
Lowry and Hulett,? and water with alumina, Munro and Johnson.’ The 
G6ttingen school‘ established the conclusion that the rapid increase of 
sorption at the higher pressures is due to condensation of liquid in capil- 
laries, but left the question open as to whether adsorption at the lower 
pressures is due to a monomolecular or multimolecular film.° 

While the x/m— > plot, figure 1A, indicates that the sorption of water by 
copper oxide involves two distinct phenomena, namely, true adsorption at 
low pressures and capillary condensation at the higher pressures, this con- 
clusion becomes much more evident when x/m is plotted in figure 1B as a 
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function of log “2 as recommended for adsorption by Williams® and by 
Henry.’ 
The radii of the capillaries were calculated by means of the formula 


r = (2ydo) (0.4343)/Dpo log (po/p) 


where y, the surface tension, = 72.1 dynes per cm. for water at 25°, do, 
the density of the saturated vapor, = 2.29 X 10~° g. per cc., and D, the 
density of liquid water, = 0.9971 g. perce. The values of r range from 15 
Angstrom units at F (where p/p) = 0.5) to about 150 A at C (where 
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FIGURE 1A. : FIGURE 1B. 
A. The Sorption Isotherm for Water on Copper Oxide at 25°. 
x/m 


B. The Variation of x/m with log ? 


pb/bo = 0.93). It is evident that the shape of the curve FEDC depends 
on the distribution of the sizes of the various capillaries, and that it is not 
to be expected that the variation of x/m with p will follow exactly any 
simple mathematical relation. However, if we assume that the amount of 
water condensed in capillaries is zero at F, and designate by x,/m the 
amount of water sorbed at higher pressures, it is found that x,/m = 
ap’, where the exponent b is approximately 6 between F and E, 11 between 
D and C and still higher in the steeper intermediate portion ED. The 
corresponding curve for the data in table 2 is more regular and may be 
represented fairly well from F to C by the equation x,/m = ap*’. 
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It may, therefore, be concluded that in these examples capillary condensa- 
tion is practically negligible at pressures below 0.5 po and radii below 
15 A; and that the nature of the phenomenon is different at lower pressures, 
the exponent 1/n (or b) in the adsorption formula being then, as usual, less 
than unity. 

This is an argument against Patrick’s® ‘‘capillary condensation theory”’ 
of adsorption. Capillaries such as exist in our material and in the silica 
gels of van Bemmelen or Bachmann‘ are evidently not present in Patrick’s 
specially prepared silica gel. Indeed, if a different type and arrangement of 
“capillaries” were to be assumed at lower pressures, the question would 
have to be raised whether it would be justifiable to retain the term ‘‘capil- 
lary condensation.” Moreover, the essential feature of capillary condensa- 
tion is the interaction between molecules of the condensed liquid; but, 
when the pores are approaching molecular dimensions, every molecule 
adsorbed is in direct contact with the solid adsorbent, and the interaction 
is of a different nature. The last argument is stressed by McBain.® 
He also points out, on the basis of extensive unpublished work, that ad- 
sorption on a cleaned surface of charcoal is completed at a relatively 
low pressure, and concludes that it is due to a monomolecular layer. 
This completion of adsorption at a relatively low pressure is indicated 
in figure 1A by the curve GFH. 

Adsorption is thus a necessary precursor to capillary condensation, 
but the latter will occur only when the surface (covered with the mono- 
molecular layer) is sufficiently curved. An essential criterion for capillary 
condensation, as demonstrated by Bachmann,‘ is that the pores hold 
the same volume of any wetting liquid. 

In a recent discussion with McBain it appeared that this criterion is 
not in itself sufficient because many cases of true adsorption involve com- 
parable volumes of various substances as measured in the liquid state; 
but it was concluded that this is not incompatible with monomolecular 
adsorption. There are many varieties of monomolecular film, as de- 
fined by Langmuir and others, but all agree in assuming direct contact 
between adsorbed molecules and molecules of adsorbent. It is believed 
by McBain and ourselves that, for materials which are highly adsorbent 
at low pressures such as charcoal and Patrick’s silica gel, the structure 
is a very open or incomplete lattice or lattices, into the spaces of which 
the individual adsorbed molecules penetrate.'® 

1 Almquist, J. A., and Bray, W. C., J. Amer. Chem. Soc., 45, 1923 (2305-22). 

2 Lowry, H. H., and Hulett, G. A., Ibid., 42, 1920 (1393-1408). 

* Munro, L. A., and Johnson, F. M. G., J. Phys. Chem., 30, 1926 (172-88). 

4 Bachmann, W., Z. anorgan. Chem., 100, 1917 (1-76). 

5 Reference 4, page 19, footnote 1. 

6 Williams, A. M., Proc. Roy. Soc., London, A96, 1919 (287-311). 

’ Henry, D. C., Phil. Mag. (6) 44, 1922 (689-705). ‘ 
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8 McGavack, J., and Patrick, W. A., J. Amer. Chem. Soc., 42, 1920 (946-78). Patrick, 
W.A., and Long, J. S., J. Phys. Chem., 29, 1925 (336-43). 

9 McBain, J. W., Nature, 117, 1926 (550-1). 

10 Cf, Langmuir, I., J. Amer. Chem. Soc. 38, 1916 (2285-6); also Reference 1, p. 2321. 


THE PHYSIOLOGICAL PRINCIPLE OF MINIMUM. WORK. II. 
OXYGEN EXCHANGE IN CAPILLARIES 


By Cecii D. Murray 
DEPARTMENT OF BIOLOGY, BRYN Mawr COLLEGE 


Read before the Academy April 27, 1926 


In a previous communication! it was shown that, throughout the arte- 
rial system (the aorta was excluded from the simplified analysis) and in cap- 
illaries, the prevailing balance (in the basal state) in the relation between 
rate of blood flow in a vessel and the volume of the vessel could be inter- 
preted on the basis of the principle of minimum work. ‘The cost per sec- 
ond, E, of operating a section of blood vessel was taken to be the sum of 
two work terms: (1) the work done per second against friction by the flow 
of blood, given in ergs/sec. by the product pf, where is the fall in pressure 
in dynes/cm.*, and f is the rate of blood flow in cc./sec., and (2) the work 
done per second in maintaining the mere volume of blood contained in the 
vessel, given also in ergs/sec. by the term bvol, where vol is the volume in 
cc., and b is the cost in ergs/sec. per cc. of blood. Thus: 


E = pf + bvol. (1) 


The factor b was discussed in detail—it was treated as though a constant 
and four estimates of its value were obtained as follows from data on: 
(1) the total effective mechanical work of the heart and the whole arterial 
blood volume—d = 19,000, (2) the velocity of blood in an artery and the 
radius of the artery—b = 12,000, (3a) the rate of flow of blood in a capil- 
lary and the volume of the capillary—b = 9000, or (3b) introducing an 
alternative assumption in the reasoning as applied to capillaries—b = 
23,000. Within the range 9000 —~> 23,000 ergs/cc., sec. (or, B = 
0.019 —> 0.048 cal./cc., day) the analysis appears to be self-consistent 
and, moreover, the magnitude of these estimates for the energy require- 
ment of blood maintenance is of the same order as for body tissues in 
general—i.e., a basal rate of 2100 cals. per day for an individual weighing 
70 kg. is evidently equivalent to 0.030 Cal. per day per gram of body 
weight. What now is the bearing of these results on the process of oxygen 
exchange in capillaries? 
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Qualitatively, the question may be put this way: taking some given rate 
of oxygen consumption and considering arterial blood, 95% saturated 
with oxygen, flowing into tissue capillaries which are surrounded by a 
region where the oxygen tension is zero—to what point will the blood’s 
oxygen content be reduced if the process of oxygen exchange and transport 
is to be most efficient, i.e., if E is to be a minimum? Obviously there 
must be a compromise between two extreme possibilities: 

On the one hand, the oxygen saturation might be reduced to zero. Since 
the normal coefficient of utilization, AO.%, is about 25%, complete re- 
duction of the blood (at constant metabolic rate) would mean a reduction 
in the rate of blood flow to about one-quarter of its normal rate. But, 
to drain the last dregs of oxygen from the blood, an infinite capillary volume 
would be required. Hence this extreme is out of the question. 

On the other hand, the arterial blood might pass through practically un- 
changed. The result would be that the mean head of oxygen pressure 
across the capillary wall, Ap’, would be a maximum, namely about 80 mm. 
Hg if we take this as the value for the usual oxygen tension of arterial 
blood. The normal value of Ap’ is probably between 40 and 50 mm. 
and thus, toward the extreme where Ap’ is a maximum, the capillary 
volume would be a minimum (about one-half its normal volume). But 
this relief afforded to capillary volume is obtained at the expense of a 
blood flow approaching infinity. Hence this extreme is likewise impossible. 

Physiologically, an approach to one extreme or another is never so simple 
that “‘all other factors remain constant.”’ In fact, the essential requirement 
for minimum work is that, under any new constraint, additional work in- 
volved in a given operation shall be distributed among al] factors which 
contribute to the operation in question. In speaking of limits, then, we 
are making an extrapolation of a relation which is true only in the narrow 
physiological range. In other words, in imagining too large a departure 
from the normal, the fiction of ‘keeping other factors constant’’ becomes 
equivalent to the imposition of new constraints; but in the normal range 
these ‘‘other factors’ have definite values which they assume in their ca- 
pacity as ‘‘true variables,’ although presumably subject to the condition 
that the total work shall be a minimum. 

The quantitative aspect of the problem, for the solution of which a 
knowledge of the properties of hemoglobin is required, is shown graphically 
in figure 1. The steps necessary in arriving at this construction, and the 
details of the situation represented, are set forth in the legend. The final 
result is a curve showing the relation between the rate of blood flow and 
the total active capillary volume of the greater circulation under stated 
conditions—especially the condition that the arterial saturation is 95%. 
The right-hand portion of the curve tends toward extreme stagnation, as 
described above, and the left and upper portion tends toward the extreme of 
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a “hurried” or “hasty” circulation. Passing along the curve, the ratio 
of the rate of blood flow to capillary volume increases from zero to infinity. 
The curve is merely an expression of the properties of hemoglobin and the 
necessary consequences of the diffusion theory. 

To complete the analysis the capillary volume must be multiplied by ), 
and the blood flow must be multiplied by ». The coérdinates will then 
measure the two work terms mentioned above, and it follows at once that 
any given value for E can be represented by a straight line (of the form bx 
+ py = a constant) such as the line EE as drawn. Furthermore it is 
obvious that if the actual value for E is to be a minimum, for a case in- 
cluded by the curve, the line EE must be tangent to the curve. Choosing 
the point on the curve which corresponds to normal physiological conditions 
and assuming the normal operation to be the most efficient possible, 
it is a simple matter to draw the line EE and to measure its slope graph- 
ically. Thus the result is obtained: df/dvol = —3.06. But df/dvol = 
—b/p (from Equation 1), hence b = 3.06 p. In the preceding paper! 
the value used for p in capillaries was 4575 dynes/cm.? (= 3.43 mm. Hg, 
a value consistent with recent determinations). Thus, substituting in the 
last equation, b = 14,000 ergs/cc., sec. or B = 0.029 Cal./cc., day. This 
result falls in the middle of the range of previous calculations, and, al- 
though some factors used in the present analysis were used in a former one, 
the method of evaluation described here is essentially an independent one. 

The reasoning might well have been reversed by taking the average 
value for 6 (15,700) from the first estimates, and the same value of p. 
The slope of a line similar to EE being thereby given, the point of tangency 
with the curve is easily established by means of a parallel ruler. At this 
point (since } is here somewhat higher, the slope of EE is a little steeper, 
and the point of tangency is where V = about 72%) one would read off 
the predicted ‘‘ideal’’ values for blood flow, capillary volume and venous 
saturation which, under the other stated conditions, would combine to 
make the process of oxygen exchange most efficient. From this point 
of view the conclusion is reached that the normal operation is certainly 
not far from that calculated to be the most efficient. 

The problem as it concerns the uptake of oxygen in the lung is illustrated 
by figure 2. Since data are not available for capillary volume in the lung 
nor for the fall in blood pressure in lung capillaries, the questions ‘““How 
long should a blood corpuscle remain in a lung capillary?’ ‘““To what extent 
should a given venous blood become oxygenated?” cannot be answered in 
terms of calculated efficiency. One interesting point, however, appears. 
The line EE has been drawn tangent at the normal point on the curve, 
i.e., where A = 95%; and it will be seen that a considerable change in the 
slope of EE (which involves the unknown factors) can occur without im- 
plying a significant change in the “‘ideal’’ arterial saturation. This again 
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The purpose of this construction is to show the relation between the rate of 
total blood flow and the total active capillary volume—both reduced to units of work— 
under otherwise constant conditions. The constant factors, at values typical of pre- 
vailing basal conditions, are the following: pH of plasma = 7.45, oxygen tension of 
tissues = zero for points at some given distance from the axis of each capillary, satu- 
ration of arterial blood = 95%. The data, in terms of AO, % (the coefficient of utili- 
zation) and Ap’ (the mean head of oxygen pressure across the capillary wall) can be 
obtained from one (No. XIII) of a series of charts recently published.? These charts 
embody the results of integrations of oxygen dissociation curves of blood between all 
ordinary limits. ‘The required data have been replotted, in reciprocal form, in figure 1, 
the coérdinates of which measure 1/ AO, % and 1/Ap’; andthecurve A = 95% thereby 
assumes the form shown. The basis of the figure applies to any hemoglobin con- 
centration and to any metabolic rate, and either to a single capillary or to the average 
conditions for the whole capillary system. ‘To make the problem more concrete for a 
study of normal operating conditions we may proceed as follows. 

The variable 1/ AO, % may be expressed in terms of blood flow per second, f, by taking 
a value for the total oxygen capacity of blood, namely, Hgb = 20 vols. per cent; and a 
value for the rate of oxygen consumption for the body, namely, MR = 4.17 cc./sec. 
(=250 cc./min.). Since f X Hgb X AO, % = 10,000MR, then, for the case considered, 
1/A0.% X 2083 = f; and the ordinates can now be read in terms of blood flow as 
indicated by the note in brackets. 

The variable 1/Ap’ (if the total rate of oxygen exchange is constant) is proportional 
to what Henderson called the diffusing capacity.? Although the diffusing capacity 
is most probably proportional to the total capillary surface, over any small range it 
will also be proportional to the capillary volume—especially if physiological variation 
of diffusing capacity is brought about by variation in the mumber of active capillaries 
of the same average shape and size. Now, for the point on the curve which will be 
selected as the point of normal operation, we find 1/Ap’ = 0.0215. In the previous 
paper! the data used gave the result 83.3 cc. for the basal capillary volume, a value 
which we may take as corresponding to the value for 1/ Ap’ just given. Hence 1/ Ap’ 
X 3875 = capillary volume, and, as noted, the abscissae may now be read in terms 
of capillary volume. 

All points on the curve correspond to an arterial saturation A = 95%. ‘The venous 
points are implicit, since V% = A%—AO.%, and are marked on the curve for con- 
venience. A point on the curve is now chosen as representative of normal operation, 
namely, the point where V = 70%, A0.% = 25%, f = 83.3 cc./sec., cap. vol. = 83.3cc., 
etc. At this point a short straight line, EE, is drawn tangent to the curve, and extended 
by dots to facilitate measurement of theslope. The actual slope, df/dvol or d(1/ AO.%)- 
/d(1/ Ap’) X 2083/3875, is found to be —3.06. For further details the text should 
be consulted. It may be noted here that multiplying capillary volume by b establishes 
the values for the abscissae in terms of ergs/sec. expended on capillary blood volume, 
and that multiplying f by p establishes values for the ordinates in terms of ergs/sec., 
the cost of circulating the blood in the capillaries. Thus, by equation 1, the line EE 
is the locus of points having a constant value for E. By the principle of virtual work, 
or by graphical inspection, it is clear that, when the capillary volume and the blood 
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flow are in the relation to each other which corresponds to minimum total energy of 
operation, pdf = —bdvol. 

This is similar to figure 1, except that the curve V = 70% represents relations 
pertaining to the oxygenation of blood in the lung. The data are taken from chart 
IX of the series mentioned. The normal degree of oxygenation is taken to be at the 
point where A = 95% and the line EE is drawn tangent at that point. Lack of data 
for capillary volume in the lung makes it impossible to transform the factor 1/ Ap’, 
and the loss in pressure in lung capillaries being unknown, prevents the establishment 
of values for pf in terms of work. That there is the same balance of factors in the lung 
as shown for tissues is not unlikely. 


is a reflection of the properties of hemoglobin and indicates the stability 
of the arterial point as compared to the variability of the venous point. 
This fact, one may say, is too well known, because a small change in the 
arterial point is really indicative of an important disturbance in the phys- 
iological balance. 

The specific conclusion is that the principle of minimum work can be 
applied with reasonable consistency to the circulation in the arterial system 
and in capillaries, and to the manner in which the physico-chemical 
properties of hemoglobin are utilized by the normal individual. 

General Deductions—For some years the hypothesis of the constancy of 
the internal environment has guided research and has practically dominated 
physiological thought. But it is now clearly recognized that this is but a 
rough rule, which, moreover, does not apply to questions now pressing for 
solution. Professor Barcroft, concluding his recent book,’ makes the 
following comment. 

“It is no part of my philosophy to suppose that this or that function of 
the body is kept constant by a process of sweating its fellows, and as far 
as I can see such a doctrine is quite unsupported by facts. The oxygen in 
the arterial blood does not remain constant, the CO, in the alveolar air 
does not remain constant, the hydrogen-ion concentration of the blood does 
not remain constant—but they and a score of other things settle down to 
form a new equilibrium. If one is altered the rest alter in unison. If I 
may be allowed a rough analogy, it is as though a new tax were imposed; 
say an addition to the income tax. It appears to be paid by a group of 
persons with large incomes, in reality, by reason of alteration in prices, 
unemployment and the like it is spread over the whole population, and 
the more completely and justly it is spread the less is the strain on the 
community.” 

Thus he states the problem of organization and raises the question: 
‘How is the tax distributed?’ Now if a minimum principle does really 
hold in physiology, it follows at once that the distribution of function among 
the given parts of an organism is thereby defined mathematically. More- 
over, the manner of this distribution is theoretically exactly of the type 
which conforms to such general physiological concepts or facts as the 
“balance of parts,’’ ‘‘codperation of factors,’ ‘‘adaptation” and particu- 
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larly the salient fact, brought out in the quotation, that under new con- 
straints the whole organization of the individual settles down to a new 
equilibrium. ‘The primitive meaning of organization is contained in the 
simplest problem of maxima and minima: if xyz = E, thesumx + y + 2, 
is a minimum when x = y = 2 = WE. And nothing could more clearly 
illustrate physiological’ ‘‘equilibrium,’’ whether dynamic or apparently 
static, than the principle of Lagrange, the principle of virtual work. 

There is a special property of minimum principles in general which recom- 
mends them to the attention of physiologists, namely, the property of 
furnishing as many equations as there are variables—i.e., the solution of 
each partial differential equation is given. When dealing with the mul- 
tiplicity of variables that occur in living beings, this is a point of no small 
moment, and, in fact, without a minimum principle, the task of giving a 
theoretical or rational interpretation of physiological organization would 
seem utterly hopeless. These remarks do not in any sense support the 
validity of a minimum principle applied to physiology, but they emphasize 
the desirability of making a thorough investigation of the possibilities of 
such an application. 

The next question to be raised concerns the nature of the tax—in what 
coin do the organs barter with each other? It seems that the unit of 
work is the first that should be tried. Certainly nothing less fundamental 
or universal than energy would do at present. Analysis by means of phys- 
iological “‘forces,’’ concentrations and other factors, is far too tricky, 
although it does not seem impossible that physiological “‘potential func- 
tions’’ might be established for separate factors. There is also a prag- 
matic element in selecting work as the unit, because the emphasis is thus 
placed upon a rather neglected aspect of the study of adaptation. In 
1910, following similar experiments on the salivary gland, Professor Bar- 
croft‘ compared the metabolism of the kidney after injections of diuretic 
salts and then of urea. In the first case the major change was merely an 
increase in the blood flow, which meant that the energy for secretion and 
filtration was supplied by the heart. In the second case the oxygen con- 
sumption of the kidney increased markedly, showing that the cost of 
secretion of urea was met by the kidney. This experiment, standing prac- 
tically alone, illustrates the opportunity of studying the balance of function 
by asking the question: ‘‘How much does it cost to get a job done and 
how is the cost apportioned to various organs?” 

' Murray, C. D., Proc. Nat. Acad. Sci., 12, 1926 (207-214.) 

* Henderson, L. J.,and Murray, C. D:, Jour. Biol. Chem., 65, 1925 (407-417) ; and Mur- 
ray, C. D., and Morgan, W. O. P., Ibid. (418-444). 

3 Barcroft, J., “The Respiratory Function of the Blood. Part I. Lessons from High 


Altitudes,”” Cambridge, 1925. 
4 Barcroft, J., and Straub, H., Jour. Physiol., 41, 1910 (145-167). 
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NUCLEAR DIVISION IN THE TROPHOZOITES OF ENDAMOEBA 
HISTOLYTICA 


By CESAR URIBE 
DEPARTMENT OF COMPARATIVE PATHOLOGY, MEDICAL SCHOOL OF HARVARD UNIVERSITY 


Communicated April 15, 1926 


The process of nuclear division in E. histolytica has remained somewhat 
obscure, and there are relatively few observations on this process in the 
trophozoite although it has been more frequently noted in encysted forms. 
Dobell in his monograph, ‘‘Amoebae Living in Man,” 1919, outlines the 
process “f nuclear division in the trophozoite and furnishes several draw- 
ings wh, although illustrating the characteristic, grosser features of 
the proce. “**l to show the details which in our preparations are striking 
in their clea... «ss and regularity of occurrence in most of the dividing organ- 
isms which could be observed under favorable optical conditions. Kofoid 
and Swezy, 1925, give a comprehensive account of the process of nuclear 
division in the cysts of E. histolytica and furnish also several figures of 
nuclear division in trophozoites in sections of ulcers of the human colon 
and films from the ulcerated colon of the cat. The rather schematic 
spindles pictured by these authors for the dividing nuclei of the encysted 
amoebae are quite different from the division stages observed in the 
trophozoites in the material on which the present paper is based. The 
illustrations depicting the mitotic figures in the trophozoites (see Plate 
33 of the same paper of Kofoid and Swezy) do not conform with the stages 
of nuclear division observed in the course of the present study, but differ 
considerably especially in regard to the detailed structure of the polar 
ends of the spindles and the size and arrangement of the chromosomes. 
It is realized that different appearances may be obtained by different 
technical methods, but it must be admitted that it is advantageous to 
utilize a variety of staining methods, and especially those which bring out 
detailed structures with uniform clearness. Material and Methods: 

The material employed for the present study was furnished to the Depart- 
ment of Comparative Pathology through the courtesy of Drs. Sellards and 
Theiler of the Department of Tropical, Medicine of Harvard University 
and was derived from a cat inoculated with human feces containing cysts 
of E. histolytica. This animal was infected by injecting the infective 
material directly into the caecum after ligating the intestine lower down, 
according to the method of Sellards, Leiva and Theiler, 1923. The cat 
was killed three days later when pieces of intestine were immediately 
fixed in Zenker’s fluid. Paraffin sections were cut five microns in thickness 
and were stained by the eosin methylene blue and by the phosphotungstic 
acid hematoxylin methods of Mallory and by the Heidenhain iron hema- 
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toxylin method. Only preparations stained with eosin methylene blue 
and phosphotungstic acid hematoxylin were here employed in the inter- 
pretation of the various stages of nuclear division. Slides stained with 
eosin methylene blue showed the fibrillar net-work of the nucleus satis- 
factorily, but the chromatin granules were not brought out distinctly. 
The phosphotungstic acid hematoxylin stain gave the best results showing 
the chromatin granules very deeply stained and clearly outlined. It fur- 
nished also a distinct color differentiation between the substance of the 
karyosome and the peripheral chromatin. Since there is no ‘‘destaining”’ 
required by this method, a uniform and reliable coloration of practically 
all nuclei is obtained. 

The iron hematoxylin method gives so many contradictory pictures and 
artefacts and the differences obtained by the destaining process are so 
marked even in the same section that it has not been regarded as wholly 
reliable. Thus, the destaining process if carried far enough to show chro- 
matic granules, fails to show the delicate net-work of the dividing nuclei, 
so that it has appeared preferable to rely upon more uniform methods of 
staining. 

The material shows an unusually heavy infection, with dividing forms 
so numerous that they are demonstrable in almost every oil immersion 
field, in some fields four and even six dividing forms being found. Many 
of the dividing nuclei are observed in amoebae that have invaded the 
intestinal wall, but not infrequently numerous division forms are seen 
also in the lumen of the intestine on the surface of epithelium which 
appears normal although covered by a layer of fibrinous exudate. The 
large number of normal-appearing amoebae in the process of nuclear 
division found in the lumen of the intestine indicates that multiplication 
of the trophozoites may occur on the surface of the mucosa as well as within 
the tissues. In the present study, while the later phases of nuclear divi- 
sion are readily interpreted, considerable difficulty has been experienced 
in differentiating the early stages of division from nuclear degenerations 
which are occasionally encountered. The description of the changes 
thought to be those probably concerned in the prophase may thus be 
regarded as more or less tentative, although such changes have been 
interpreted by Dobell as representing the early stages in nuclear division. 

The resting nucleus of EF. histolytica observed in our preparations does 
not differ from the descriptions previously furnished by numerous writers. 
A fact worthy of mention is that in preparations stained by the phospho- 
tungstic acid hematoxylin method, the zone surrounding the “halo” 
shows minute granules which stain deeply and resemble chromatin. These 
granules are close to the halo and also in some instances are distributed 
to some extent along the radial filaments or “‘spokes”’ (Fig. 1). The 
karyosome also appears larger than with the iron hematoxylin stain and 
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on two occasions a small, centrally situated granule was clearly distin- 
guished within it (Fig. 2). However, it is true that in both these instances 
there were changes in the nucleus which might be interpreted as evidence 
of degeneration, such as swelling of the karyosome and possibly slight 
chromatolysis. In amoebae which appear perfectly normal, there is 
occasionally a suggestion of a granule in the karyosome, but thus far, it 
has been impossible to demonstrate such a granule as a constant structure. 

The first stages in the division of the nucleus are difficult to interpret, 
as numbers of atypical nuclei are encountered throughout the prepara- 
tion, in which all degrees of karyolysis are present and the occurrence of 
siderophilous granules scattered through the nucleus are somewhat mis- 
leading. The structures contained in the nucleus of E. histolytica are 
also very minute and as yet not completely understood. 

The earliest change in the prophase is probably an increase in the volume 
of the nucleus without change in the disposition of its different structures. 
Later, the karyosome swells and its contour becomes less distinct, the 
“halo” gradually disappears, while chromatin granules accumulate around 
the indistinct karyosome. ‘The peripheral chromatin now appears less 
dense and the nuclear reticulum is less distinct (Fig. 3). The karyosomic 
cloud next elongates while the granules about it become coarser, and there 
are fibers which appear to be related to the ‘‘spokes”’ of the resting nuclei 
(Fig. 4). It has not been possible to distinguish the intermediate stages 
between the early prophase and the following clearly characterized meta- 
phase. No centrioles have been distinguished thus far in the process, 
possibly on account of their similarity to the other minute chromatinic 
granules present and the obscuring cloud in which the stages of the late 
prophase take place. 

Progressing to the metaphase, the nucleus subsequently becomes ovoid, 
rather poor in peripheral chromatin, although some granules or small 
plates still remain adherent to the nuclear membrane. Material staining 
reddish purple with the phosphotungstic acid hematoxylin and evidently 
arising from the karyosome is seen extending as a band between the ends 
of the ovoid nucleus where it spreads out in two polar clouds. One 
or two deeply stained filaments are seen running along the sides of the band 
and in those instances in which two threads are observed, one is always 
thicker and more distinct. Occasionally other more delicate threads run 
parallel to these but they are not conspicuous at this stage. Chromatin 
collects in the equatorial region where it is embedded in the band of cloudy 
material described above. It is divided into small granules, which seem 
to be quite uniform in size and appear like chromosomes, although their 
distribution in the equatorial zone is rather irregular and not in a single 
plane (Fig. 5). 

In the next stage, anaphase, the poles are more pointed and usually 
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unequal in thickness (Figs. 6 and 7). They terminate in small, flattened, 
clear cones at the apex of each of which a small granule is seen. These 
granules are at first very faint but as the process of division proceeds they 
become more and more conspicuous, while at the same time, the “‘clear 
cones” become more distinct (Figs. 6, 7, 8 and 16). One of the threads 
which runs along the axial band of cloudy material, is by this time much 
thicker than the others and in favorable specimens is seen to connect the 
two granules at the poles of the fusiform nucleus. The portion of the 
thread included in the ‘‘clear cone’’ seems to be thinner than the rest 
(Figs. 6, 7 and 8). 

The granules situated at the two poles are undoubtedly of the nature 
of ‘‘centrioles’”’ and the connecting thread is interpreted as the “‘centro- 
desmose”’ or the “‘intradesmose’’ of Kofoid and Swezy, 1925 (Figs. 5, 
6, 7 and 8). The cloudy material described in the earlier stages extends 
from the cones towards the equator, but as the process of nuclear division 
progresses, it accumulates and becomes more or less condensed to form the 
polar masses at the bases of the clear cones. The two structures are de- 
limited by a thin layer of material which stains rather deeply (Figs. 6, 
7, 8 and 16). 

In the early anaphase, the chromatin is arranged in two asymmetrical 
groups in which small granules are indistinctly outlined. These granules 
appear to be of the nature of daughter chromosomes, but are so minute 
and obscured by the cloudy material in which they are embedded that it 
is very difficult to make out their exact number. There seem to be six of 
these daughter chromosomes in each group, but in only one instance 
could they be counted and then only five granules were clearly outlined 
and another less distinctly. 

The early stages of the anaphase appear to be more propitious for the 
determination of the number of chromosomes in EF. histolytica than the 
metaphase, for in the latter the granules are massed together in the equa- 
torial plate and possibly show precocious splitting. However, even at 
these most favorable stages and under the best optical conditions, it has 
been found very difficult to determine the exact number of chromosomes 
in the nuclear division of the trophozoite, so that the number above 
estimated should be regarded as provisional. 

In the last stages of the anaphase, the nucleus elongates considerably 
and the centrioles, ‘‘clear cones’ and centrodesmose are distinctly out- 
lined. A complicated meshwork is clearly seen in which chromatin gran- 
ules of irregular size are scattered about two transverse zones nearer the 
poles than in the preceding stages (Figs. 8 and 16). A slight tortion of 
the fibrillar net-work is at this stage often observed indicating a twisting 
of the elongated nucleus (Fig. 8). 

An increase in the tortion associated with the appearance of a central 
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constriction of the dividing nucleus marks the beginning of the telophase. 
The centrodesmose and the polar structures become more evident while 
the chromatin gradually approaches the poles (Figs. 9, 10, 17 and 18). 
The two portions of the dividing nucleus assume a sausage shape which 
becomes subsequently more marked (Figs. 10, 11, 17, 18, 21, 22). The 
constriction becomes more apparent and finally the two daughter nuclei 
are connected by a short thread. The chromatin granules are now col- 
lected close to the poles where they appear to be incorporated in the 
cloudy material condensed against the cones (Figs. 11, 19 and 20). Later 
the thread connecting the daughter nuclei becomes considerably elongated 
while the nuclei become distinctly ovoid. In this stage, the chromatin 
becomes redistributed on the nuclear membrane, while the centrodesmose, 
centrioles, “‘clear cones” and the cloudy material of the polar masses still 
remain distinct (Figs. 12, 19 and 20). Finally with the snapping of the 
connecting thread the daughter nuclei become separated and the remains 
of the thread are eventually absorbed. The clear cone and centriole per- 
sist for some time in the daughter nuclei even after their separation, but 
disappear with the formation of the karyosome. 

The later stages previous to the cytoplasmic division are difficult to 
interpret. It was not determined whether the centriole becomes in- 
corporated in the cloud of the polar mass. At the stage shown in figures 13 
and 23 it would appear that the cloudy material is becoming condensed and 
more centrally situated within the daughter nuclei, possibly to form the 
new karyosomes. ‘The two daughter nuclei become spherical and acquire 
the characteristic structural arrangement of the parent nucleus. The 
division of the cytoplasm will now result in the production of two daughter 
amoebae. 

Summary.—The study of stained preparations of the intestine of a 
cat experimentally infected with E. histolytica has furnished numerous 
trophozoites showing nuclear division. 

A somewhat detailed account of the process of nuclear division is given, 
based on what appears to be a consecutive series of stages, and certain 
structures are described which have hitherto apparently passed unrecog- 
nized in other studies of nuclear division in this species. 

' The occurrence is noted of cloudy material forming two polar masses 
and a connecting ‘‘axial band’’ in which the spindle is embedded. This 
material appears to arise from the karyosome. 

The polar masses are surmounted by two clear cones at the apex of each 
of which is a deeply stained granule, the centriole. A long filament, the 
centrodesmose, extending the length of the dividing nucleus, connects 
the two centrioles. 

Definite minute chromosomes are observed in the early stages of the 
metaphase, the number of the daughter chromosomes in each of the two 
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groups being estimated as six, although this estimation should be regarded 
as provisional. 
Apparently only a part of the material hitherto termed ‘‘peripheral 
chromatin” is incorporated in -the chromosomes of the dividing nucleus. 
An account is furnished of the telophase showing tortion of the dividing 
nucleus on its longitudinal axis, the distal migration of the chromatin 
towards the poles and its redistribution on the nuclear membrane. 


Dobell, 1919, Amoebae Living in Man, William Wood and Company, New York. 
Kofoid, C. A., and Swezy, O., 1925, Univ. Cal. Publ. Zoél., 26, 19, 331. 
Sellards, A. W., and Leiva, L., 1923, Phil. J. Sci., 22, 1, January. 

Sellards, A. W., and Theiler, M., 1923, Amer. J. Trop. Med., 4, 3 


EXPLANATION OF PLATES 

In the drawings, figures 1 to 13, inclusive, the nuclear structure is shown in detail, but 
the cytoplasmic portion of the trophozoites may be regarded as more or less schematic. 

Figure 1. Trophozoite of E. histolytica with resting nucleus showing minute granules 
of chromatin about the “‘halo.”” Phosphottngstic acid hematoxylin. 

Figure 2. Trophozoite possibly showing degeneration of the nucleus in which a 
central granule is seen in the large karyosome. (Ph. a. h.) 

Figure 3. Early prophase. Nucleus enlarged and showing a small amount of periph- 
eral chromatin. Karyosome enlarged and less distinct with chromatin granules ad- 
herent to surface (Ph. a. h.) 

Figure 4. Prophase. Karyosomic material diffuse and somewhat elongated with 
chromatin granules of considerable size massed around it. (Ph. a. h.) 

Figure 5: Early metaphase showing cloudy (karyosomic) material accumulated 
at the poles, and stretching between the latter as an axial band in which chromatin 
blocks are massed together at the equatorial zone. Centrodesmose apparent at lower 
border of axial band. (Ph. a. h.) 

Figures 6 and 7. Metaphase showing clear cones at the poles and centrioles at their 
apex. The cloudy material condensed in polar masses and forming the axial band; 
with centrodesmose extending along its border. 

Figure 8. Late metaphase showing slight tortion of the dividing nucleus. On the 
right-hand side the centriole and clear cone are apparent. The axial band has almost 
disappeared, the centrodesmose remaining distinct. 

Figure 9. Telophase. Constriction and tortion of nucleus. The centrodesmose 
is clearly seen attached to the centrioles and the chromatin is here irregularly distributed 
in zones nearer the poles. The polar structures are comprised of a clear cone at the 
apex of which is situated the centriole. The material derived from the axial band is 
now concentrated at the bases of the clear cones. 

Figure 10. Telophase. Structures at the poles become more prominent. The 
tortion around the longitudinal axis is marked. Eosin methylene blue. 

Figure 11. Advanced telophase. ‘The chromatin has migrated further towards the 
poles and is embedded in the material at the bases of the cones. The dividing nucleus 
is bent into the form of a U. (Ph. a. h.) 

Figure 12. Late telophase. Daughter nuclei becoming rounded. Polar struc- 
tures remain clearly outlined. Chromatin is mene redistributed to the nuclear mem- 
brane. Centrodesmose persisting. 

Figure 13. Daughter nuclei after sancti thread has snapped and is now partially 
absorbed, only small knobs remaining at the poles of the nuclei. A dark cloud is con- 
densing about the center where the karyosome is to appear. 
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Figure 14. Microphotograph showing four dividing forms in the same field. Eosin 
methylene blue. 

Figure 15. Microphotograph of the amoeba drawn in figure 6. Note the axial band 
and the two groups of chromosomes. 

Figure 16. Microphotograph of the dividing nucleus illustrated in drawing, figure 8. 
Note clear cone at the right-hand pole. 

Figures 17 and 18. Microphotographs of the same amoeba taken at different depths 
of focus. Specimen drawn in figure 10. Note the polar structures in figure 17 and the 
distinctness of the centrodesmose in both figures 17 and 18. 

Figures 19 and 20. Microphotographs of the same amoeba taken at different depths 
of focus of the specimen drawn in figure 11. Note the polar structures, centrodesmose 
in figure 19, and the chromatin accumulating near the pole in both. 

Figure 21. Microphotograph of half a nucleus in late telophase. Chromatin at 
the periphery. This is also shown at the left in figure 12. 

Figure 22. Microphotograph of half a nucleus in late telophase. Note polar struc- 
tures, centrosome, centrodesmose and absence of chromatin at the pole. 

Figure 23. Microphotograph of the binucleated amoeba drawn in figure 13. 


THE EFFECT OF HYDROGEN-ION CONCENTRATION ON LOCO- 
MOTION AND OTHER LIFE-PROCESSES IN AMOEBA PROTEUS.* 


By D. L. Hopkins! 
Zo6LOGICAL LABORATORY, JOHNS HOPKINS UNIVERSITY 


Communicated April 16, 1926 


It is well known that acids and alkalies have a profound influence on 
protoplasm. Collett (’19) investigated the effects of several acids on 
protozoa and found that all are toxic, even in very dilute solutions, some 
being still toxic at a concentration of 0.00008 N. Saunders (’24) maintains 
that all solutions having a hydrogen-ion concentration below pH 8.0 
and above pH 6.0 are fatal to Spirostomum, but he asserts that it lives 
and reproduces well only in concentrations between pH 7.4 and 7.6. 
Taylor (’24) states that amoebas can live in hydrogen-ion concentrations 
between pH 3.0 and 8.0, but that they thrive best at pH 6.6. She con- 
tends that a change in concentration from pH 6.6-7.3 or over causes de- 
pression and accelerates encystment. Pantin (’23), however, holds that 
amoebas thrive best at a concentration of pH 8.2 and that an increase 
to pH 7.0 inhibits locomotion. 

Thus, it appears that most authors agree that protozoa thrive best around 
neutrality, but that there is considerable diversity of opinion as to details. 

The object of the investigation here briefly reported, was to ascertain 
precisely the effects of hydrogen- and hydroxyl-ion concentrations on 
growth and locomotion in Amoeba proteus. The term Amoeba proteus 
is used in the older sense, including all of Schaeffer’s divisions. 
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Amoebas were cultured by two methods. In one method two grams of 
timothy hay were allowed to seep for ten minutes in one liter of physio- 
logically balanced salt solution—a modification of Ringer’s solution—at 
98 degrees C. The hay was then removed, the infusion placed in 100-cc. 
pyrex flasks and allowed to stand for a week or more, then inoculated with 
Amoeba and Chilomonas. (Chilomonas is excellent food for Amoeba.) 
The food supply was kept constant by withdrawing a given quantity of 
the old culture fluid and adding the same amount of fresh fluid each day. 
In the other method, the modified Ringer’s solution was placed into a 
finger bowl containing a few stems of timothy hay—about one centimeter 
long—allowed to stand for a week or more and then inoculated with 
Amoeba and Chilomonas. 

In hay infusions there is ordinarily a rapid increase in the hydrogen-ion 
concentration the first day or two after being made up, then the infusions 
gradually return towards alkalinity. This continues steadily until a hy- 
drogen-ion concentration of pH 7.6-8.0 is reached. The speed of this 
return to alkalinity can be hastened by increasing the surface exposed— 
allowing CO: to escape more readily. 

_ In the first of the two methods of culture described above, it was found 
possible to hold the cultures permanently at any desired hydrogen-ion 
concentration between pH 6.0 and 8.0 by varying the surface exposed and 
the amount and freshness of infusion added each day. Infusions made 
up by the second method first rapidly become acid, then gradually return 
to alkalinity. In them, if there is an abundance of organic material, there 
is generally a long halt in the decrease of hydrogen-ion concentration 
around pH 7.5. Some sort of equilibrium is apparently established here 
between the acid and the alkaline tendencies. This method was conse- 
quently found to be more successful for culturing amoebas on the alkaline 
side of neutrality than the first. 

The effect of hydrogen-ion concentration on growth and reproduction 
in Amoeba, may be best illustrated by describing two experiments which 
are typical examples of what was repeatedly observed. 

In the first experiment a culture was taken in which the hydrogen-ion 
concentration had been maintained at pH 6.6-6.8—definitely acid— 
for two weeks or more. The amoebas were in healthy adult condition, 
multiplying rapidly by fission. The culture was poured from the flask 
in which it had been, into a dish having a greater surface. A few short 
stems of hay were added, then the culture was allowed to stand. Ina 
short time the hydrogen-ion concentration began to decrease slowly, and 
as it decreased, the amoebas first became dark and sluggish and then clear 
and active again. At a concentration of pH 7.2, all were dark and spher- 
ical, and they seemed to have decreased considerably in number; at pH 
7.4 nearly all were again normal in appearance, moving about and feeding 
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actively; and at pH 7.6 they were larger and more numerous. Three 
weeks later the hydrogen-ion concentration had dropped to pH 7.8 and 
the amoebas had again become dark and sluggish, but not spherical. 
Further decrease was accompanied by a gradual diminution in the number 
of amoebas such that when pH 8.5 was reached, all had disappeared. 

In the second experiment, a culture was taken in which the hydrogen- 
ion concentration had been maintained at pH 7.5-7.7—definitely alkaline 
—for two weeks or more. The amoebas in it were in good condition and 
they were multiplying rapidly by fission. In this experiment there was 
added each day fresh culture fluid of such a nature and in such quantity 
that a gradual increase in hydrogen-ion concentration was obtained. The 
changes observed in the amoebas were essentially the same as those de- 
scribed in the first experiment. As the hydrogen-ion concentration in- 
creased, the amoebas became dark and sluggish in their movements, and 
when it reached pH 7.0 most of them had become spherical and some had 
disappeared, but when it reached pH 6.8 they again became active and 
began to multiply. It was held at this concentration for three weeks. 
During this time they became large and abundant. Finally, the hydrogen- 
ion concentration was slowly increased and as it increased the number 
of amoebas decreased until at pH 6.0 all had disappeared. 

It is consequently evident that in the solutions here used, there are 
two hydrogen-ion concentrations which are optimum for growth and 
reproduction in Amoeba proteus; one around pH 6.7 and another around 
pH 7.6; that solutions at or near neutrality cause striking changes in the 
physiological condition of Amoeba, which apparently are detrimental to the 
life-processes; and that strong acid and alkaline solutions are unfavorable. 

We shall now turn to the question of the relation between hydrogen-ion 
concentration and locomotion. In the experiments covering this question, 
observations were made on amoebas taken from two cultures; one which 
had been at a hydrogen-ion concentration of pH 6.6-6.8 for two weeks, 
and another which had been at one of pH 7.5-7.7, the same length of time. 
The acid culture was treated in such a way as to produce a decrease in the 
hydrogen-ion concentration to pH 7.0 and the alkaline culture in such a 
way as to produce an increase to pH 7.2. Both were held at these con- 
centrations for two days before the experiments were begun. 

An individual test consisted in removing an amoeba from the culture, 
transferring it through three changes of a solution with the desired hy- 
drogen-ion concentration, allowing it to remain fifteen minutes for ad- 
justment, and then obtaining the rate of monopodal locomotion for fifteen 
minutes. The rate of locomotion was obtained by projecting the indi- 
vidual under observation with a camera lucida and at minute intervals 
making sketches of the posterior end. Observations were not continued 
for more than two hours after the amoeba had been placed in the solution. 
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This test was repeated with each of ten different specimens—five from the 
acid culture and five from the alkaline culture—in solutions with each of 
the following hydrogen-ion concentrations; pH 6.0, 6.6, 7.0, 7.2, 7.6 and 
8.0. The average rate of locomotion in each of the different solutions 
was then calculated for the five individuals from the acid cultures and the 
five from the alkaline cultures, respectively. The results obtained are 
presented in the form of graphs (Fig. 1). 

The solutions, which we shall call testing solutions, were made up with 
physiologically balanced ratios of calcium chloride, potassium chloride, 
sodium chloride and potassium phosphate buffers (KH:PO.-K2HPO,). 
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Curves showing the relation between locomotion in Amoeba proteus and hydrogen- 
ion potential. ©, amoebas from acid cultures; A, amoebas from alkaline cultures. 
Rate of locomotion in terms of centimeters per fninute times 131 plotted as ordinates, 
hydrogen-ion concentrations in terms of pH plotted as abscissas. 


These testing solutions were identical, except that they differed in hy- 
drogen-ion concentration. The hydrogen-ion concentration was varied 
by adding the desired concentration of phosphate buffers from different 
stock solutions, which had been made up in accordance with Clark, except 
that the desired hydrogen-ion concentration was obtained by adding 
KOH to KHePQO,, instead of NaOH. 

All chemicals used in these testing solutions were specially purified by 
recrystallizing several times. The solutions were made up in redistilled 
water, which owing to the presence of CO2, constantly had a hydrogen-ion 
concentration of pH 6.2-6.3. The conductivity of this water indicated that 
there were but few ions in it except hydrogen, hydroxyl and the carbonate. 
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All experiments were carried out at temperatures between 21 and 24 
degrees C. 

By referring to the graphs (Fig. 1), it will be seen that for amoebas from 
the acid culture, beginning at a hydrogen-ion concentration above pH 
6.0, the rate of locomotion increased to a maximum at pH 6.6, then fell 
abruptly to a minimum at pH 7.1-7.6; while for amoebas from the alkaline 
culture, beginning with a hydrogen-ion concentration below pH 8.0, the 
rate increased to a maximum at pH 8.0-7.6, then fell abruptly to a mini- 
mum at pH 7.1-6.6, which was almost the same as that for amoebas from 
the acid culture at pH 7.1-7.6. 

The decrease in the rate of locomotion which occurs when an amoeba 
is transferred from a slightly alkaline or acid solution to a neutral solution, 
strongly indicates that there is in this solution, a marked change in the 
permeability of the membrane to the salts. If an increase in permeability 
to the salts does take place, they will enter and react with the protoplasmic 
proteins, causing an increase of the internal osmotic pressure, and conse- 
quently an increase in the water content of the amoeba, and a decrease 
in the rate of locomotion. 


* This investigation was suggested by Professor S. O. Mast, and carried out under 
his direction. Further, he has furnished valuable aid in this presentation of the results. 
For these favors I am greatly indebted to him. 

1 Bruce Fellow, Johns Hopkins University. 
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POLLEN ABORTION IN CHROMOSOMAL TYPES OF DATURA 
By A. F. BLAKESLEE AND J. L. CARTLEDGE 


STATION FOR EXPERIMENTAL EVOLUTION, CARNEGIE INSTITUTION OF WASHINGTON, COLD 
SPRING Harsor, N. Y., AND UNIVERSITY OF PITTSBURGH, PITTSBURGH, PENNA. 


Communicated April 12, 1926 


For an exact determination of the chromosomal constitution of a plant, 
a cytological investigation is essential. The size and condition of the 
mature pollen grains, however, may often give an indication of at least the 
chromosomal group to which the plant belongs. The relatively high 
proportion of abortive grains in our Datura mutants’? in comparison with 
normals, together with their peculiar breeding behavior, earlier suggested 
their similarity to the mutants of Oenothera in which abnormal chromo- 
somal numbers had been established. 
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The present paper presents the results of a more detailed study of the 
proportion of abortive grains in the pollen of different chromosomal types. 
Flowers to be examined were collected in the morning, generally before 
the anthers had opened. The pollen was taken out of the anther with a 
needle and distributed in a drop of 45 per cent acetic acid slightly colored 
with iodine. This medium stains the contents of the grains but leaves 
the cell walls practically uncolored. Grains were recorded as abortive 
which were empty and shrivelled. There is usually no difficulty in dis- 
tinguishing bad from good grains. Counts were made of the two kinds 
of grains in a series of different fields of the microscope under lower power. 
The abortive grains tend to collect at the edges of the drop. Their dis- 
tribution was made more uniform by stirring with the needle and the 
counts were made more representative of the actual condition in the flower 
by examining, in succession, fields from one side of the preparation to the 
other. For each flower a total of at least 500 grains were counted. The 
first plants tested in a series were called the (a) plants and consisted of 
representatives from each type; those tested the second day were called 
(b) plants, etc. When a plant in the series under investigation had no 
flower at the proper stage for counting, either pollen from this plant was 
counted at another time or another plant of the same type was substituted 
in the records as indicated in the accompanying tables. Low temperatures 
greatly increased the number of aborted grains. Mosaic disease may 
affect the pollen before the plant shows outward signs of being infected. 
By taking records at different times on the same plant, however, as well 
as by using a number of individuals of each type, it was hoped to average 
out in large measure the influence of environmental factors. 

The plants tested were grown well-spaced under good garden conditions 
and appeared true to type. For the most part they belonged to our 
highly inbred line 1 and were closely comparable genetically. It has 
been pointed out* that our first haploid in line 1 was called Haploid 1A 
and that the types derived from it form line 1A and should be completely 
homozygous and alike in gene constitution (barring new point mutations). 
All the balanced chromosomal types tested in 1925 and shown in tables 
4 and 5 were in line 1A as also the majority‘ of the (2n + 1) types tested 
in 1924 and shown in tables 2 and 3. Most of the types tested in 1923 
and shown in table 1 were in line 1.° 

Unbalanced Chromosomal Types.—The distinction between Primary 
and Secondary (2m + 1) types has been given in earlier publications.*’ 
Spinach has been provisionally listed as the 12th Primary. . Although it 
is a 25 chromosome type occurring occasionally in the offspring of tri- 
ploids and as a spontaneous mutant it is peculiar in breeding behavior. 
Its chromosomal constitution has not been definitely determined. It 
is possible that the 12th Primary is not viable. Divergent is apparently 
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in the group with Spinach. Wiry is apparently a tertiary type related to 
Poinsettia and Rolled.* Nubbin, Pinched and Hedge form a group 
of mutants with peculiar relationship to the Secondaries—Strawberry 
and Mutilated—and to the two Secondaries of Rolled. 

Table 1 shows the averages for the 1923 records. Table 2 gives the 
detailed records for 1924 and table 3 the summaries for 1924 and the 


TABLE 1 
SUMMARY OF AVERAGE PERCENTAGES OF ABORTIVE POLLEN GRAINS IN (2m + 1) TypPEs: 
RECORDS OF 1923 


For each type, 4 flowers from each of 3 different plants were examined and a minimum 
of 500 grains were counted, making a total of 6000 grains for each type. Counts were 
made in series (a) on 9/6, 9/10, 9/13, 9/16; in series (b) on 9/7, 9/11, 9/14, 9/17; in 
series (c) on 9/8, 9/12, 9/15, 9/18. On two dates no flowers on selected Poinsettia 
and flowers from other plants were substituted; for same reason on one date another 
plant was substituted for Elongate. Capital letters are used for Primaries, small letters 
for Secondaries and Tertiaries. 
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averages for the two years. It will be observed that although there is a 
considerable variation between the different individual counts, in all 
cases diploids are better than Primaries and Secondaries show a higher 
percentage of bad grains than their respective Primaries. 

Balanced Chromosomal Types.—It is usually possible to determine 
the balanced group to which a plant belongs by an examination of its 
pollen. Pollen of a diploid is relatively good with the grains practically 
all of the same size; pollen of tetraploids 1s distinctly larger with a slightly 
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higher proportion of bad grains; pollen of triploids is characterized by a 
high proportion of bad grains and a wide diversity in size of the good grains; 
pollen of haploids is largely bad but the good grains are the same size 
as in diploids. Photographs have been published elsewhere® of the pollen 
of diploids, triploids and tetraploids. 


TABLE 3 
SumMaARY OF TABLE 2 SHOWING AVERAGE PERCENTAGES OF ABORTIVE POLLEN GRAINS 
IN (2n + 1) Types; REcorps oF YEAR 1924 witH AVERAGES FoR 1923 
For each type, except as otherwise noted, a total:of 8000 grains were counted. 


AVERAGES 
(a) (b) (o) (d) 1924 1923 2 yRs. 
NORMAL 2n 1.8 1.8 0.9 1.3 1.5 1.6 1.54 
1. GLOBE 3.8 3.7 6.2 8.2 5.5 1.9 3.96 
2. POINSETTIA 4.6 6.4 Td 6.5 6.3 3.6 5.14 
Dwarf 20.1 12.6 12.5 12.0 14.3: °° 
Wiry (?) 10.7 6.6 9.1 7.9 8.6 9.6 9.03 
3. COCKLEBUR 7.2 8.9 6.6 8.0 Tak 5.3 6.67 
Wedge 14.9 8.2 9.1 6.7 9.7 6.6 8.37 
4. .ILEX w Ba | wf 4.8. 4.4 6.0 4.2 5.23 
5. _ECHINUS 4.0 5.4 §.1 3.8 4.6 2.4 3.66 
Mutilated 9.7 16.3 12.4 17.5 14.0 10.4 12.46 
6. ROLLED 4.1 2,5 2.6, 3.1 3.1 1.9 2.59 
Sugarloaf 20.6 12.6 13.4 14.8 15.4 8.0 12.39 
Polycarpic* 23.2 18.4 20.8 
7. REDUCED 8.7 4.9 2.3 3.0 4,7 2.6 3.80 
Scalloped 6.9 tl 7.8 7.4 a 
8. BUCKLING 27 4.0 3.6 3.3 3.4 1.5 2.59 
Strawberry 15.8 Oi! 8.1 10.2 11.3 9.9 10.70 
Maple 4.4 4.1 3.9, 4.2 4:1 By 3.50 
9. GLOSSY 2.4 2.2 8.8.6 Bly 2.6 17 2.21 
Smooth 8.3 7.4 7.5 15.7 9.7 
10. MICROCARPIC 5.5 9.8 6.4 4.7 6.6 14.9 10.16 
11. ELONGATE 16.9 4.7 14.0 6.0 10.4 2.8 7.14 
Undulate 10.0 14.3 14.0 9:5 12.0 7.8 10.20 
12.(?)SPINACH 22.9 41.7 33.6 20.4 29.7 24.5 27.13 
Divergent 4.4 4.4 5.0 5.4 4.8 
Nubbin 1.7 12.5 15.0 14.1 13.3 10.5 12.10 
Pinched 8.6 6.0 4.8 a 6.8 
Hedge 5.9 8.0 6.7 6.9 6.9 


* For Polycarpic, only 5 flowers from two, plants were examined, making a total of 
2500 grains counted. 


Table 4 gives the detailed counts and table 5 the summaries for the 
balanced types. Plant 20745(4) is a graft from our first haploid A and is 
the origin of line 1A. The four triploids were grafted clones of a single 
individual. ‘The tetraploids were determined by Miss Rachel Haynes to 
have 48 chromosomes each.» They were probably all true tetraploids since 
in all cases they showed more of the 24-24 than of the 25-23 distribution.’ 
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TABLE 4 
PERCENTAGES OF ABORTIVE POLLEN GRAINS IN BALANCED CHROMOSOMAL TYPES. 
RECORDS OF YEAR 1925 
For each type 4 flowers from each of 4 different plants were examined, except as noted, 
and a minimum of 500 grains from each flower were counted. 


DATE HAPLOID(1”) DIPLOID(2n) TRIPLOID(3n) TETRAPLOID(4”) 

(a) Plants 240106(18) 2401(1) 23206(1)-D 24077 (9) 
7/29 88.72 0.63 34.12 2.96 
8/3 92.96* 0.39 49.81 4.51 
8/7 89.17* 0.97 41.35 40" 
8/12 91.29 4.51 41.03 3.19 

(b) Plants " 240110(183) 2401(2) 23206(1)-F 24077 (6) 
7/30 89.59* 0.98 40.31 5.66 
8/4 81.80 0.74 40.41 6.49 
8/8 84.51 0.99 39.96 5.11 
8/13 84.63* 0.98 47.57 1.55 

(c) Plants 20745(4) 2401(3) 23206(1)-B 24077(8) 
7/31 85.02 0.97 49.31 4.22 
8/5 88.45 0.18 42.99 2.27 
8/10 85.69 1.64 59.32 3.88 
8/14 94.87 0.58 39.77 3.90* 

(d) Plants 240134(18) 2401(5)  23206(1)-A 24077(1) 
8/1 88.64 0.40 34.31 3.49 
8/6 85.98 0.79 39.33 7.36 
8/11 86.92 1.99 52.39 7.95 
8/15 88.91 1.76 45.69 12.77 


* No flowers on selected plant this date; flower from another plant of same type 
substituted in records. 


TABLE 5 
Summary oF TABLE 4 SHOWING AVERAGE PERCENTAGES OF ABORTIVE POLLEN GRAINS 
IN BALANCED CHROMOSOMAL TYPES; REcoRDS oF 1925 


(a) PLANTS (b) PLANTS (Cc) PLANTS (d) PLANTS wena 
Haploid(1n) 90.54 85.13 88.51 87.61 87.95 
Diploid(2n) 1.63 0.92 0.84 1.24 1.16 
Triploid(3n) 41.58 42.06 47.85 42.93 43.61 
Tetraploid(4n) 4.46 4.70 3.57 7.89 5.16 


Discussion.—From the data presented, it is evident that a large part 
at least of the pollen abortion in Datura is brought about by abnormalities 
in chromosomal constitution. Probably the most potent immediate 
cause of premature death in pollen is chromosome deficiency. The 
condition is clearest in the pollen of haploids" in which the 12 chromosomes 
undergo a “reduction” into 6 + 6,5 +7, 4+ 8, etc. Apparently all 
grains with less than the complete haploid complement .abort and the 
small percentage of normal grains which are found have obtained the 
normal number of chromosomes by non-reduction of the 1m mother- 
cells. No (2n—1) types have been discovered in the more than 300 
offspring of haploids where one would expect them if any of the pollen 
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grains or ovules were capable of functioning with any single one of the 
12 chromosomes absent. Moreover, rather extensive sowings from 
sectorial deficiencies’? have failed to secure (2n—1) offspring. Defi- 
ciencies also may be brought about by non-disjunction and detachment. 
Thus in diploids and Primary (2m + 1) types the non-disjunction found 
would lead to about 0.4 per cent of (n—1) grains.’ If the amount of 
detachment in diploids approaches that found in the mother-cells of tri- 
ploids,’* deficiencies brought about by non-disjunction and detachment 
would more than account for the pollen abortion found in normals. 

While the lack of a single chromosome apparently causes the abortion 
of all of the gametophytes affected, the presence of an extra chromosome 
in (2n + 1) types does not. Non-disjunction is apparently no more 
common in such types’ than in normals and the excess of aborted grains 
over those produced by diploids may be attributed to the unbalance 
produced by the extra chromosome which renders the grains less viable. 
The reduction in viability of pollen grains apparently depends somewhat 
upon which chromosome is extra. It is not to be expected that a given 
extra chromosome will have the same unfavorable effect upon the differ- 
ent stages of growth. There is in fact no close relationship between the 
amount of bad grains and either the viability of the zygotes or the extent 
to which the extra chromosome is transmitted through the pollen. Thus 
Rolled has a low percentage of bad grains and is one of the least frequent 
types in the offspring of triploids. Cocklebur has a relatively high per- 
centage of bad grains for a Primary but transmits its extra chromosome 
through the pollen to a greater extent than any other mutant. When 
the unbalance is increased in the (2n + 2) Globe or in double (2n + 1 + 1) 
chromosomal types the amount of pollen abortion is also increased. 

Triploids'* doubtless owe their high proportion of -bad grains to the 
unbalance brought about by more than a single chromosome. 

Secondaries in all cases show a greater average amount of abortion 
than their respective Primaries. In Secondaries*’ we appear to have the 
extra chromosome deficient for one half while double for the other half 
of the chromosome. ‘There is evidence that the gametophytes with this 
chromosome alone in a set are non-functional since no types have been dis- 
covered in which this double-half chromosome has replaced a normal mem- 
ber of the disome. Whenever the double-half chromosome goes to one pole 
in disjunction, the two normal chromosomes capable of taking part in 
formation of the Primary type should go to the other pole. The pro- 
portion of their Primaries thrown by the several Secondaries, therefore, 
might be an indication of the relative frequency of separation of the two 
normal chromosomes from the double-half member. If deficiency for 
one half of a chromosome together with excess of the other half causes 
pollen abortion, we should then expect that Secondaries which throw a 
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high proportion of their own Primaries would have relatively bad pollen. 
A comparison of tables in this paper with those in an earlier publication® 
suggests a general relation between the number of Primaries thrown by a 
given Secondary and the amount of bad pollen which it shows. In the 
exceptional case of Polycarpic which throws few of its Primary Rolled, 
and still has a large amount of bad grains, it is possible that the unbalance 
of this particular double-half chromosome which makes Polycarpic our 
weakest mutant may be responsible for an increased abortion of its 
(n + 3) gametes. It will not be desirable, however, to attempt a too 
close comparison between pollen abortion and breeding behavior of Sec- 
ondaries until a larger accumulation of data has been secured in more 
strictly comparable material. 

Pollen of tetraploids shows only slightly more abortive grains than do 
diploids. Abnormalities in distribution of chromosomes are frequent’? 
but the unbalancing effect due to the loss of or addition of a single chromo- 
some is less. 

The effect of the external environment upon pollen abortion is often 
marked but probably acts through changes in distribution of the chromo- 
somes. Practically all the grains have been found to be aborted after 
treatment with cold. The internal environment of a plant with abnormal 
chromosomal constitution may have an influence upon the proportion 
of grains which abort. In sectorial chimeras’? with the formula (2n—1) 
we have always found considerably more than the 50 per cent abortive 
grains expected from the chromosome numbers. If our interpretation of 
the chromosomal constitution of these chimeras is correct, the internal 
environment of the deficient’ branches must have been responsible in 
some way for the increased abortion. 

Summary.—It has been shown that the size and condition of the pollen 
grains give an indication of the chromosomal group to which a plant 
belongs. In haploids the abortive grains (88 per cent) are due to de- 
ficiencies, the few good grains to non-reduction. In diploids the bad 
grains (1-2 per cent) may be due in part at least to non-disjunction and 
possibly to detachment of chromosomes. In Primary (2” + 1) types 
the excess of bad grains over diploids is probably due to poor viability 
of (n + 1) grains. Secondary (2m + 1) types average more bad grains 
than their Primaries. The increase probably is brought about by the 
abortion of grains with only the double-half chromosome in the set in- 
volved. ‘Triploids have a high proportion (43 per cent) of bad grains due 
chiefly to unbalance from more than single extra chromosomes. Tetra- 
ploids show only slightly more bad grains (5 per cent) than diploids. Ab- 
normal chromosomal distributions are more ee: in tetraploids but 
the unbalance of single chromosomes is less. 

1 Blakeslee, A. F., 1921, Genetics, 6, 241-264. 
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REMARKS ON PENETRATING RADIATION 
By Epwarp CONDON 
DEPARTMENT OF Puysics, UNIVERSITY OF CALIFORNIA 


Communicated April 15, 1926 


The recent measurement by Millikan! and by Myssowsky and Tuwim? 
of the coefficient of absorption of the penetrating radiation which is the 
source of the small residual ionization always found in closed vessels,** 
has stimulated thought,®** on the origin of this penetrating radiation. The 
extreme shortness of the estimated wave-length, 0.00038 A makes it 
apparent that the source of this radiation must lie in a radiative process 
involving the very smallest units of matter—the electron and the proton. 
In this brief note I desire to record a calculation whose result is in surprising 
agreement with the measurements, a result which because of the difficulties 
involved I can scarcely regard as more than coincidence. But perhaps 
it is not. 

Let it be supposed that an electron is a sphere of negative electricity 
of uniform density p and radius 7. Suppose also that relative to ro the 
proton can be regarded asa point charge. A proton can thus have an 
equilibrium position inside the electron just as an electron was supposed 
to be in equilibrium inside a sphere of positive electricity in the atom of 
three decades ago which served for Lorentz classical theory of the Zeeman 
effect. Given such a ‘neutron’ the work required to take the proton to 
the surface of the electron is easily seen to be e?/2r) and the work to take » 
it to infinity against the Coulomb force is e?/rp. Suppose one assumes 
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that this energy of separation of the neutron into its parts is equal to the 
relativistic equivalent of the mass of the electron; then one has 
3 é 


= mc* or = -—. 
2 mc? 


bo 1 Go 
1% 


These assumptions therefore yield an electron whose radius is °/, that of 
the usual theory which supposes the charge to have a surface distribution 
on a sphere. 

When the proton is displaced from its equilibrium position it is acted 
on by a Hooke’s law restoring force of amount e*x/r} if x is the displace- 
ment. If u is defined by 1/u = 1/m + 1/M, M being the mass of the 
proton, the “neutron” can thus execute simple harmonic oscillations of 
frequency (in spectroscopic cm.—' units): 

1 [2m 1 


v= — —.-. 
2r 3 MB To 

Since » and m aré almost equal, this becomes, in terms of r’ the radius 

of the electron on the surface distribution theory 

or ae ae | 


~ oe W309 07" 


v 


The value of r’ is known to be 1.87 X 10~! cm. so that one has 
y = 3.09 X 10! cm.-?. 


Turning to experiment one finds that Millikan’s estimated wave-length 
gives an observed frequency 


vy = 2.63 X 10" cm.~'. 


As a second part of this paper, I desire to point out a geometrical con- 
sideration which enters into the determination of the absorption coefficient 
pin I = Ipe~”* from the observed data. _ As it is supposed that the radia- 
tion comes from all directions in space, the law of decrease of intensity 
of the radiation with depth in a lake will not be a simple exponential ab- 
sorption of the rays from different directions and hence of different lengths 
of path in the absorbing medium. 

It is easy to see that if x is the vertical depth into an absorbing medium 
of infinite extent measured from its plane surface then the intensity at 
this depth is given by 


x /2 . 
I= nf e7 #* Sec. 8 cin 9 dO 
0 


where J) is the intensity at zero depth. Carrying out the integration one 
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has I = Ih[e~** + ao px)], in which 2i(—yx) is the exponential in- 
tegral 27(z) oe ae! — de. tables of which are in the collection of Jahnke- 


Emde (Teubner, 1923). (Compare this problem with that of Rutherford, 
“Radioactive Substances and Their Radiations,”’ p. 262. There is an error 
on this page in that the factor ud is lacking from the integral term.) 

If one plots the simple exponential law, and this corrected absorption 
law, it is readily seen that in reducing experimental data for which I/Jo 
observed is from 0.2 to 0.8 one would overestimate the value of y, 7.¢., one 
would understate the penetrating power by a factor of 2 or 3 in the absorption 
coefficient. ‘The ratio varies according to the following table: 


I/I¢ 0.8 0.6 0.4 0.2 
Ratio = R 3.66 2.78 2.42 2.00 


These considerations at once point to an alternative explanation of a 
fact observed by Millikan, namely that the rays appear to have a spectrum. 
That is, he finds that his observations show a systematic deviation from 
the exponential law in the sense that » appears to decrease with increasing 
depth. That is, at greater depths the average penetrating power of the 
rays is greater as though the rays consist of a spectrum of radiations 
having different absorbing powers. 

It is, however, clear that the observed behavior 1s exactly that of the behavior 
of a beam of truly homogeneous radiation under the conditions of the expert- 
ment. For if u is the absorbing power where the intensity ratio is I/Io 
as computed from an exponential law, then yu, the true absorption coeffi- 
cient is given by u, = u/R, where R is the appropriate value taken from 
the table. As R decreases with increasing depth it is evident that » must 
also decrease with increasing depth to preserve the true constancy of 
u,. Thus it appears that the rays may be homogeneous in wave-length 
and that the observed deviations from the exponential law find thetr explana- 
tion in the geometrical conditions of the experiment. 

The effect of dividing Millikan’s observed yu by 2 is, roughly, to multiply 
the corresponding frequency of radiation by +/2 as the extrapolation 
assumes, in the main, a variation of y«v-*, This would make the ob- 
served frequency be 

= 3.31 X 10" cm.~ 


The full effect of this geometrical correction does not make itself felt, 
however, since the Jy of Millikan is not measured at the surface of the 
absorbing medium but at the bottom of the earth’s atmosphere which 
represents a considerable penetration into the absorbing medium. It 
is easily seen that the effect of such penetration is to work toward making 
the residual radiation a parallel beam to which the exponential law applies. 
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Therefore one may say that the agreement of the radiation frequency 
of the ‘‘neutron” here proposed and the experimental frequencies is perfect. 
However, this neutron faces two serious difficulties. In the first place, 
the classical radiation reaction, roughly estimated, indicates that such an 
oscillator would be overdamped and hence would not oscillate. Secondly, 
it is not big enough to oscillate with one quantum of energy without going 
to pieces so that a quantum picture cannot be invoked in its support. 
The discussion given indicates, however, that the geometrical conditions 
of the experiment have an important effect on the value of u inferred from 
the observations and this should not be neglected. 


1 Millikan, Proc. Nat. Acad. Sci., 12, 48 (1926). 

2 Myssowsky and Tuwim, Zeits. Physik, 35, 299 (1925). 

’ McLennan and Burton, Physic. Rev., 16, 184 (1903). 

4 Rutherford and Cooke, Jbid., 16, 183 (1903). 

5 Jauncey and Hughes, Proc. Nat. Acad. Sct., 12, 169 (1926). 
6 Jeans, Nature, Dec. 12, 1925. 


NEW EVIDENCE IN FAVOR OF A DUAL THEORY OF METALLIC 
CONDUCTION 


By Epwin H. Hay 
JEFFERSON PHYSICAL LABORATORY, HARVARD UNIVERSITY 


Read before the Academy April 26, 1926 


In these PROCEEDINGS for October, 1925, Professor Bridgman, after 
stating that he has discovered a Peltier development of heat where an 
electric current changes direction within a metal crystal, remarks, ‘“The 
mere existence of an internal Peltier heat would seem to have important 
bearings on our views of the nature of electrical conduction. I cannot 
see that any of our ordinary pictures of electrical conduction would lead 
us to expect a reversible absorption of heat on changing the direction of 
current flow.” Shortly after reading this passage I called Professor Bridg- 
man’s attention to the fact that a formula which I had published some years 
ago,! as the dual-theory expression for Peltier heat, gives a ready explana- 
tion of the newly observed phenomenon. This he at once saw, though 
he had overlooked it before. 

The formula is this, 


u-@n-@m 


where II, is the amount of heat, in ergs, absorbed by the unit quantity 
of electricity, (1 + e) electrons, in going from metal a to metal , (ky + k) 
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is the ratio of free-electron conductivity to total conductivity, \, is the 
amount of heat absorbed in freeing (1 + e) electrons within metal a and 
Ag is the corresponding quantity for metal 8. Within a single metal crystal 
a and 6 refer merely to different directions of current flow, and evidently 
in this case 4, = Ag, whereas (ky + k) need not be the same for the two 
directions. ‘Thus the formula reduces to 


Oh 


In the abstract which heads a recent paper? by Doctor Millikan, I find 
this statement: ‘The lack of dependence of field currents [drawn from 
metals by intense electric fields] upon temperature furnishes strong evi- 
dence that most of the conduction electrons do not share the energy of 
thermal agitation. The thermions, however, do share in this energy; 
they are presumably responsible for the Peltier and thermoelectric effects.’ 

It would require some study to frame within the same compass of words 
a better statement of my dual theory of conduction than Professor Milli- 
kan gives, perhaps unwittingly, in stating the conclusion which he has 
drawn from the experiments described in his paper. This will be evident 
to anyone who is familiar with the papers which I have published during 
the last six or eight years, but, as very few indeed know the contents of 
these papers, it may be well for me to show here just what I mean. 

My \, in the formula given above, is, when expanded, 


dh = (lV. + sRT) + @, (3) 


the quantity within brackets indicating the amount of energy required 
to change one electron from the associated conductive state to the free 
conductive state. The X;, is a constant; the s also is a constant, which, 
as I have expressly stated,* “‘is always greater than 2.5.” The limit 2.5 
is fixed because 2.5 R T is the total amount of energy, kinetic and potential, 
possessed by a monatomic gas molecule, as such, at temperature 7. That 
is, I treat the associated conduction electron as having no energy of thermal 
agitation, while the free electron has a full quota of such energy. As to 
the relative importance of free-electron conduction and associated-electron 
conduction, the greatest value I have found‘ for (ky + k) at 0°C., in 
studying eighteen metals, including two alloys, is about 20 per cent, 
the smallest value being about 2 per cent. As to thermoelectric action, 
though both classes of conduction electrons are in my theory taken account 
of in the discussion of the Peltier effect and of the Thomson effect, the net 
work of the thermo-electric circuit is attributed entirely to the free- 
electrons. ‘In fact, the part which associated electrons play in thermo- 
electric action is analogous to that played by entrained water in the work 
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done by steam [in a steam engine]. The larger the proportion of water, 
the smaller is the mechanical effect per unit mass of the mixture.’’® 

It will be interesting to see what shape Professor Millikan’s conception 
of conduction takes when it comes to deal expressly and in detail with 
thermo-electric phenomena. 

It is, I think, not inappropriate to mention under the heading of this 
paper the fact that, on applying the dual theory to the data furnished by 
Bridgman’s experiments on changes of electrical and thermal properties 
in metals under high pressure, I have found it helpful in showing, or at 
least suggesting, how all of these changes may be connected in a logical 
system of interrelations. The methods and results of this study will 
be published im extenso elsewhere. 

1 Proc. Nat. Acad. Sci., 7, No. 2, p. 63, Feb. 1921. 

2 “Pulling Electrons Out of Metals by Intense Electric Fields: Laws Governing,’ 
Physic. Rev., 27, No. 1, pp. 51-67, January, 1926. 

8 Proc. Nat. Acad Sci., 6, p. 613 (1920). 

‘ Ibid., 7, pp. 98-107 (1921). 

5 Ibid., 4, pp. 101-102 (1918). 


THE MAGNETIC MOMENT OF THE ELECTRON 
By R. DE L. KRoOnNIG 
DEPARTMENT OF Puysics, COLUMBIA UNIVERSITY 


Communicated April 1, 1926 


The large amount of recent work on the analysis and classification of 
complicated spectra has shown that their formal interpretation can best 
be accomplished by assigning to every electron two moments of momentum, 
characterized by quantum numbers K and R, using Landé’s notation.! 
While the first undoubtedly is the quantum analogue of the orbital tnoment 
of momentum of the electron in the models which have proved themselves 
so useful a guide in the theory of atomic structure, the significance of R 
was left open. Led by the fact that R must always be chosen equal to 1, 
no matter in what orbit or in what atom the electron is bound, Uhlenbeck 
and Goudsmit? have suggested that R might be regarded as the moment of 
momentum of the electron itself, so that in the model we would have to 
consider the electron as spinning about an axis of symmetry. Further- 
more, these authors* as well as Bichowsky and Urey‘ have.shown that if 
the orientation of R with respect to the orbital plane is quantized, then, 
due to the motion of its magnetic moment in the electric field of the nu- 
cleus, the electron would have energies in these orientations whose dif- 
ference obeys a relativistic doublet formula, going with the fourth power 
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of the nuclear charge. (It may be pointed out here that in their paper 
Bichowsky and Urey make the ratio of magnetic to mechanical moment 
half of that derived in the classical theory for a system of moving electrons, 
while it would have to be twice this in order to account for the observed 
Zeeman effect.) The object of the present note is to call attention to some 
difficulties which this new hypothesis encounters. 

We shall discuss the question at first from the viewpoint of a model, 
although it must, of course, be remembered that all models have to be taken 
symbolically, being nothing but a rough sketch of reality. Nevertheless, 
they may be expected to give qualitative information. The fact, for in- 
stance, that the frequencies of the K-absorption edges approximately follow 
Moseley’s law, even for the heavy elements, indicates that in the model 
we must assume the electrons and nuclei to still act as point charges at 
distances of about 10-'! cm. ‘The electron in the model must hence be 
regarded as having linear dimensions less than this, as is also concluded 
from classical considerations about the electromagnetic mass of the electron, 
which lead to a radius of about 107!* cm. 

In order to account for the observed Zeeman effect on the basis of the 
new hypothesis, the electron must be assumed to have a magnetic moment 
of 2 Bohr magnetons, about 10-*° c.g.s. units. In order to give it such a 
moment the velocities of spin would have to be exceedingly high if classical 
concepts could still be applied to the case in question. The elementary 
unit of magnetism, the Bohr magneton, is derived from a consideration of a 
system of moving charges, whose dimensions are small compared to their 
distances apart. Furthermore, it is presupposed that they all have the 
same ratio of e/m = 5.30.10'’, which requires their velocities to be small 
compared to that of light. Why an electron spinning with the enormous 
velocities necessary to give it the requisite magnetic moment, and possessing 
a constitution radically different from that of the electrodynamic system 
described above, should be characterized by the same unit of magnetic 
moment, the Bohr magneton, is hard to explain. 

Since the justification of arguments based on models might be questioned, 
another objection shall be mentioned here. As said before, in order to 
interpret the observed Zeeman effect on the new hypothesis, the electron 
must always be assigned the same magnetic moment, no matter in what 
orbit or what atom. One would naturally expect then that this remains 
true even when an electron forms part of the nucleus. Then, however, 
the nucleus too would have a magnetic moment of the order of a Bohr 
magneton, unless the magnetic moments of all the nuclear electrons just 
neutralized. Such a moment of the nucleus would make the Zeeman effects 
quite different from what they actually are. Nor does the likelihood of the 
magnetic moments of the electrons in all the nuclei just canceling appear 
to be very great. 
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A THEOREM ON SPACE QUANTIZATION 
By R. DE L. KRONIG 
DEPARTMENT OF Puysics, COLUMBIA UNIVERSITY 


Communicated April 12, 1926 


In the theory of the multiplet structure of spectral lines frequent use 
is made of what is known as space quantization of angular momenta. 
If ao and a; represent the quantized angular momenta, say, of two elec- 
trons, measured in units h/27, a) and a, being either positive integers or 
half-integers, then their resultant r; may not have all the values between 
the extremes | a — | and da + a, but only a number of discrete values, 
differing successively by unity and found from the relation 


lao —a| Sm Sa + am. (1) 


In a model the vectors a» and a, on account of their mutual energy de- 
pending on the relative orientation, will precess about their resultant 
r. The totality of the discrete values r; obeying (1) we shall denote by 
r,, and to indicate that they arise from the quantum composition of dp» 
and a; we shall write 

Ty = a + a. (2) 


Let now a third angular momentum a, be added to the system. If the 
mutual energy of orientation between a and a2 as well as a; and a, be much 
smaller than that between a» and a;, the addition of a, will hardly influence 
the original space quantization of a) and a, and the result will be that 
a2 is composed with any of the values 7; in just the same way as dp and a; 
were originally composed, viz., according to 


lr, — ae | Se S71 + oe. (3) 


In the model this will mean a precession of r;.and a, about their resultant 
tz. Applying (3) to all values 7; we obtain a manifold of values r2, for which 
we may write 

Tg = 1 + @ = (@ + 41) + &. 
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If more momenta ds, . . .d,, be added to the system, such that the mutual 
energy of orientation of any of ‘these with respect to the preceding ones 
is much smaller than that among these preceding ones, the above process 
can be continued, and we finally get a number of values for the last re- 
sultant r,,, which we express by 


Im = [(@ + a1) + ag]+...am. (4) 


From’ a physical viewpoint it is almost self-evident that if we change 
adiabatically the parameters which determine the mutual energies of 
orientation, such that momenta which were at first weakly coupled be- 
come now strongly coupled and vice versa, we will not change the manifold 
of values of the final resultant 7,,, representing the total angular momenta 
of the system. The physical process just considered corresponds to 
changing the order of addition in (4), and the theorem which is to be 
proved here states: 

If a number of positive integers or half-integers do, di,...d_ are ‘‘added”’ 
successively as indicated by (2) and (3), the final result is independent of the 
order in which they are ‘‘added.” 

This would mean that in (4) all parentheses could be omitted. 

Consider then the momenta a; in the first and second arrangement of 
the quantities ao, @:,...d,. The second can always be obtained from the 
first by a number.of transpositions. Consider one of these transpositions, 
the arrangement before and after the transposition being, respectively, 


On, On, --- On; 1 | On; Onzy, | Onze -- Fm 


ay ay 








On, On, ---On;_, | Ongyy Enz | Onzyg e+ In 


The totality of resultants r,;_, is the same in both cases. If we now can 
show that when we “add” a; and a;,, to any of these, the result is inde- 
pendent of the order of addition, we will also get the same totality of re- 
sultants 7,,. In other words, if we can show that for any three integers 
or half-integers a, b, c 


(a+b) +c=a+ (b+¢0), (5) 


then our theorem is proved. 

Let the resultants of a and b be called p, and those obtained by “‘adding”’ 
pandc,r. Taking any of these values 7, let us ask in how many ways it 
can be obtained from first ‘“‘adding” a and bd and then ¢, i.e., how many 
times r occurs in the manifoldr. The first resultant » must obey the rela- 
tion 


la—blspsa+t+bd. 
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In order that p when composed with c may give among the new resultants 
the value r chosen, we must also have 


lr—clsSpSrte. 


These are two conditions for p, and the number of values p obeying both, 
which is equal to the number of times the chosen value of r occurs in the 
manifold r, depends on the relative magnitude of a, b, c, r. The table 
shows the 16 cases which have to be distinguished, specified by the in- 
equalities in columns A to D. Column F states the number of times r 
occurs, while the inequalities in column E in some of the cases express the 
fact that this number must be positive. Column G gives values a, b, c, d 
representing these. different cases. 


A B c D E F G 

a,b,¢,d4 

la2Zzbr2 r—c2a—b r+ec2at+b r—c Satb at+b—r+c+1 3235 
2 r+c S a+b 2c+1 32.1:3 
3 r—c Sa-b r+c2a+d 26+1 3134 
4 r+c Ss a+b a—bS rte r+c—a+b4+1 6224 
5 rs c—r2za-—b r+e2atb c—r Satb at+b—c+r+1 4262 
6 r+c S a+b 2r+1 6431 
7 c—rSa-—-b r+c2zatb 2b+1 3143 
8 r+cSat+b a—b Ss r+c r+c—a+db+1 6242 
9asbre r—c2>b-—a r+e2at+b r—c Satb at+b—r+c4+1 2325 
10 r+c Ss a+b 2c+1 2313 
11 r—c Sb—a r+e2zat+d 2a+1 Bas 
12 r+c Satbd b-as rte r+c—b+a4+1 2523 
13 rs c—r=jb—a r+e2atb c—r S atb at+b—c+tr4+1 2462 
14 r+c S a+b 2r+1 4531 
15 c—rsb-—a r+c2za+d 2a+1 1332 
16 rt+c S a+b b-a Srt+ce r+c—b+a+1 2532 


We shall show now for one of the cases as an example how equation 


(5) is proved. Let us take case 4. 


If we can show that the inequalities 





of this case 
a2b (6a) 2¢ (6b) 
r—csa-—b_ (6c) r+csa+bd (6d) 
a-—-bsr+c (6e) 
lead to the inequalities 
rsa (7a) a—r2|b-c| (7b) 
r+a2zc+b (7) a-rsct+d (7d) 


we shall have proved (5) in this case. For if in the table we interchange 
a and c everywhere, which corresponds to ‘‘adding”’ first b and c and then 
a, these are the conditions of case 5 or 13, both of which will give the re- 
sultant r (c + b+r—a-+ 1) times. But that is equal to the number 
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of times 7 is obtained in case 4 when a and b are first ‘‘added”’ and ¢ after- 
wards. 
(7a) follows by adding (6c) and (6d). (6c) gives 


a—-r2zb—e, 
(6b) on the other hand ' 
r—asb- ce 


which together are equivalent to (7b). Adding (6b) multiplied by 2 and 
(6c) gives (7c), while (7d) follows directly from (6e). 

In a similar way the proof can be carried through in all the other cases. 

Application to Complicated Spectra.—The multiple terms of the com- 
plicated spectra are characterized by two momenta & and 7 (determining 
whether the term is an S, P, D... term and what its multiplicity is).* 
These can be obtained from the vectors k; and r; = } associated with 
the individual electrons not in closed groups as follows,' provided no two 
of these electrons have the same total quantum number m and the same 
values for k. Consider the vectors k; and r; in a strong magnetic field 
that overcomes all the mutual couplings. Then they will precess inde- 
pendently around the direction of the field such that their projections on this 
direction form a discrete series of values differing successively by unity 
and obtained from 


—k;j Sm, Sk, —f; Sm, 3 1%. 


Form the sums a Re 
m, = TM,; M, = Im, (8) 


for all possible combinations of the m,, and the m,,. Then the totality 


of the values m, is the same as that arising from quantizing a number of 
momenta k in the field such that 


—k Sm Sk. 
From our theorem we can show that these values of & are the same as those 


given by a 
k = k, + kg +...Kn; 


a result already arrived at in the case of two momenta k by Heisenberg 
and Goudsmit.! For space quantization in an external field can, according 
to a suggestion of Russell,? be regarded as a limiting case of the space 
quantization of two angular momenta with respect to each other. We 
only have to let one of the momenta increase beyond limits, and then 
the quantized positions of the other one with respect to it will be just the 
same as those in an external field having the same direction as the first 
momentum; i.e., the projections of the second on the first will form a 
discrete sequence of values differing successively by unity. Calling the 
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infinite momentum ko, then the totality of values m, as found in (8) is 
nothing but the totality of values 
lim {[(Ko + ki) + ky] +... kn}, 
- > © q 
each diminished by ko, and that by our theorem is equal to the totality 
of values 


lim [kp + (ki + kg +... km)] 
ko——> 


each diminished by ko; i.e., the totality of the quantized projections of all 
the momenta resulting from the composition of ky, ko,...R». Similar 
remarks apply to r. 

* Using Sommerfeld’s quantum numbers which are smaller by ' than those of Landé. 


1H. N. Russell and F. A. Saunders, Astroph. J., 61, 38, 1925;S. Goudsmit, Zs. Phys., 
32, .794, 1925; W. Heisenberg, Ibid., 32, 841, 1925. 
2H. N. Russell, Proc. Nat. Acad. Sci., 11, 314, 1925. 


ON THE HEAT CAPACITY OF NON-POLAR SOLID COMPOUNDS 
By E. O. SaLant* 


DEPARTMENT OF Puysics, JOHNS HOPKINS UNIVERSITY 


Communicated April 16, 1926 


In a previous paper,! the writer attempted to apply the quantum theory 
of the heat capacity of solids to aliphatic compounds. By a series of 
approximations, there was obtained a set of equations giving rough agree- 
ment with measured heat capacities over a fair range of temperatures. 

By introducing some of the results of infra-red spectroscopy, the general 
equations of Born will be extended in the present paper to solids of non- 
polar compounds. ‘These will then be applied to some organic compounds, 
the rough approximations of the previous work being discarded. 

The general theory of the heat capacities of crystalline solids, developed 
by Born,’ stated that the first three frequencies are characteristic of the 
crystal and their contribution to the heat capacity is expressed by Debye 
functions, and the remaining frequencies are characteristic of the atomic 
(nuclear) vibrations and their contribution to the heat capacity is ex- 
pressed by Einstein functions. Nernst*® arrived at the division of heat 
capacity into Debye and Einstein functions by considering the Debye 
functions as characteristic of the molecule; this view was adversely criti- 
cized at first because Nernst used it for polar substances, which do not 
unite to form molecules in the crystal. But X-ray analysis has shown 
that molecules of many substances, for example, of organic compounds, 
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do exist in the solid state, and so for these Nernst’s viewpoint can quite 
justifiably be retained. 

For the molecular heat capacity at constant volume, C,, of a compound 
of ” atoms per molecule, we have, then 


3 3n 
C, = )D'G,/T) + SS E"@,/T) (1) 
j=l j=l 


where the three Debye functions are the contributions of the molecular 
vibrations and the 3x — 3 Einstein functions are the contributions of the 
atomic vibrations. 

The work of Ellis particularly* and of the writer’ has shown conclu- 
sively that various non-polar bonds have characteristic frequencies in the 
short infra-red region, which vary only slightly from compound to com- 
pound. 

Let us take, now, a compound A,B,C,D, and having b such bonds and 
in which the atoms A, B, etc., are not arranged to form any closed ring. 
We have, first, introducing the b bond frequencies: 


3 3n—b b 
C=O D'G/T) + NEW/TI+ DNEWM/D — 
j=l j=l j=1 
in which the last term is the contribution of the various bond frequencies. 
For compounds such as we have chosen, having no ring formation, we 
have b = n-—1 
3n — b — 3 = 2(n — 1). 


We may write, then, 
3n—b 2(m—1) 


; DE’ = SO E'y;/T). (2a) 
j=4 j=l 

Our problem now is to distribute these 2(m — 1) frequencies among 
the atoms in the molecule. Suppose we take one particular atom, say 
of the species A, as at the center of vibration of the molecule; then its 
contributions have been expressed in the Debye functions and we have 
the vibrations of only x — 1 atoms of the species A to consider. This 
distribution becomes more exact, obviously, the more symmetrical the 
molecule and the greater the number of atoms contained in it. 

An attempt will first be made to uhderstand the physical significance 
of the 2(n — 1) = 2[(x—1) + y + 2+ w] frequencies. Take, for example, 
the molecule CCl, and take a particular Cl atom. It can vibrate in all di- 
rections in space, of course. It is held firmly to the C atom by the bond, 
and the forces binding it do not vary much if other atoms are substituted 
for the remaining Cl atoms; this is shown by the heats of combustion of 
bonds‘ and by the characteristic infra-red bond frequencies. On the other 
hand it is subject to weaker forces from the other atoms to which it is not 
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bonded, that is, to the other Cl atoms. Consequently the vibrations of 
this Cl atom along the line of the bond, its bond vibrations, may be ex- 
pected to lie in a shorter region of the infra-red spectrum than will its 
vibrations resolved in the two directions perpendicular to the bond. 
Furthermore, these slower perpendicular vibrations will depend on the 
neighboring atoms to which this particular Cl atom is unbonded and so 
cannot be expected to be found unchanged from compound to compound. 

It is reasonable, therefore, to identify the 2(n — 1) frequencies with the 
vibrations of the atoms across the bond; and the bond frequencies repre- 
sent the vibrations of the atoms along the lines of their bonds. Having, 
now, two unbonded vibrations for each atom (except the atom at the center 
of the molecule, already taken care of by the Debye functions), 


2(m—1) 
, 


2(x—1) 2y 22 Qw 
E’= S/T) +> 0? /T) + YF FP/T) + Ff? T) (2) 
j=1 j=l j=l j=1 j=l 
in which the indices refer, of course, to the atomic species. 

We will now introduce into our equations certain approximations which 
are necessary for comparison with measurement, but which probably do 
not introduce any appreciable inaccuracies. 

First, following Nernst, a mean vibration in all directions will be used 
for the molecule instead of three separate vibrations, 


3 
2, D's/T) = f'o-m/T) (2c) 


f'p being now the Debye atomic heat equation and v,, the mean molecular 
vibration. 

Suppose we neglect, now, the variation of the unbonded vibrations of 
an atom with its position in the molecule; that is, for C Cl, we assume 
that the unbounded Cli vibrations are all the same, or, in general, in an 
open chain carbon compound that the unbonded C vibrations are the 
same, etc., and suppose that instead of two separate vibrations we use 
mean vibrations. We have, then, 

2(x—1) 


S> E'$"/T) 


j=l 


2(x — 1) E/T) 


E'(v§/T) 


2y E'(y/T) 


(2d) 


E'(\)/T) = 22 Ey /T) 





2y 
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>> E'Of/T) = 22 E'0/T) 
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Substituting equations 2a, 2b, 2c, 2d in (2) we have for the molecular 
heat capacity of A,B,C,D, 


Cy = foleaiT) + 2[(« — 1) E’W/T) + y Ey /T) 4 ¢ E/T) 
+ w E'(v/T)] + > E'(v/T).. (8) 





Here ee 
ae 9R ®m (8/T)*e/" do 
°  On/T)? Jo (e”* = 1)? " 
EF’ = R/T)? | em 
(eT — 1)2’ k 


where / is Planck’s constant, k the gas constant per gram, R the gas 
constant per mol, 7 the temperature and yv the frequency. 

The first term of (3) expresses, then, the contributions to the heat capac- 
ity of the molecular vibrations; the frequency is determined, on the strict 
theory, by the elastic constants of the crystal or from the heat capacity 
at some one very low temperature, according to the method of Hopf and 
Lechner.’ The last term expresses the contributions of the bond fre- 
quencies; these are determined by the characteristic bond infra-red meas- 
urements. The intermediate terms are the contributions of the vibrations 
of the atoms across their bonds; these are likewise determined, strictly, 
from infra-red measurements, but one difficulty is to be expected, namely, 
the distribution of measured frequencies among the 2(” — 1) vibrations. 
For if these are not constant from compound to compound, the assignment 
of bands that appear in the spectrum of one substance and not in those of 
another will not be at all clear. 

In a subsequent paper the selection of the appropriate frequencies will 
be discussed and with them the application of the equations (3) and(4) 
to the heat capacities of certain organic solids will be made. ‘The general 
form of these equations will permit of application, also, to other non-polar 
compounds. 


* Johnston Scholar, Johns Hopkins University. 
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1925, §354. 
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SYSTEMATIC RELATIONS BETWEEN ELECTRONIC STRUC- 
TURE AND BAND-SPECTRUM STRUCTURE IN DIATOMIC 
MOLECULES. III. MOLECULE FORMATION 
AND MOLECULAR STRUCTURE 


By Ropert S. MULLIKEN 
JEFFERSON PHYSICAL LABORATORY, HARVARD UNIVERSITY 


Communicated April 12, 1926 


As is shown by a study of band spectra in the light of the postulates of 
J,} the electronic multiplicity and term-type of a molecule usually differ 
from those of its constituent atoms. The results should give valuable 
evidence on the problem of molecular structure. The following typical 
examples will serve as a basis for discussion; the term designations in each 
case, except that of CH, refer to the probable normal state of the atom or 
molecule. 


B(*P) + OCP) —> BO(?S); C@P) + N(#S) —> CN(?S) (1) 


Na(2S) + Na(2S) —> Na»(1S) (2) 

Cl(?P2) + H(2S) —> H+tCl-(4S) (3) 

Al(?P) + H(2S) —> AIH(4S)—or probably AItH~(1S) — (4) 
Hg(*S) + H(?S) —> HgH(*S) (5) 

C(*P) + H(??S) —> C(*P)H(?S) (6) 


In (6), the CH molecule has « = 3 and ¢ = 1 (cf. J for notation), the for- 
mer evidently being due to the H atom, the latter to the C atom. The 
evidence for the molecular electronic states given above is presented in 
separate papers (HgH, in JT; Naz, HCl, AIH, CN, BO, CH, in later papers). 

In cases (1), (3) and (4) there must be a change in the quantum numbers 
of individual electrons during the process of molecule-formation. Thus in 
(3), the electron is evidently transferred from its 1, orbit in the H atom to 
a 2. (2P2) orbit in the Cl atom; the 'S character of the molecule is then due 
to the rare gas structure of the Cl- ion, the bare H nucleus having pre- 
sumably no effect on the molecular electronic state. In cases (2), (5) 
and (6), it is probable that the quantum numbers of the individual elec- 
trons are all unchanged, although in (2) there is evidently an interaction - 
of the valence electrons (j, = 3 for each) of the two Na atoms to give a 
new resultant j, equal to zero. In CH, the j,’s of the two atoms do not in- 
teract, but are oriented at right angles. In HgH, on account of the in- 
difference (j, = 0) of the 'S state of the Hg atom, no interaction is to be 
expected. 
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In the interpretation of complex atomic spectra, the work of Pauli, 
Heisenberg and Hund? has been very fruitful. A characteristic mode of 
attack is to assume a positive ion having electrons in orbits of specified 
type and arrangement, and then to consider the possible resultant atomic 
states when another electron is added. A natural extension of this scheme 
to molecules is to suppose that when two atoms approach sufficiently near 
to each other, the rules of Pauli and Hund may become applicable to the 
interaction of the outer electrons of the two atoms, even though these elec- 
trons still remain attached to their parent nuclei, and even without any 
necessity of a sharing of the electrons in the ordinary sense. This can best 
be made clear by a discussion of the above examples. 

According to the work of Hund, the addition of a *S electron to a *P 
atom-ion can give only 'P or *P atomic states. Similarly, the addition of 
a 2S hydrogen atom (cf. J, conclusion 1) to a *P2 chlorine atom would be 
expected to give a 1P or *P molecular electronic state, or else a molecule 
like CH (case (6) above) where the electron systems of the two atoms 
merely fail to interact. The observed !S character of HCl agrees with nei- 
ther of these possibilities and so is direct evidence that the H atom has 
completely lost its electron to the Cl atom to form a Cl- ion. 

The known AIH bands correspond to a transition of the type 1P —> 1S. 
By an argument similar to that used in the case of H*Cl-, the normal, 
1§ state of the AIH molecule should be Al+tH~-, both Al+ and H~-, and so 
the molecule as a whole, being in 1S states. The excited 'P state of AIH 
may well be due to the interaction of a normal (?P) Al atom and a normal 
(2S) H atom. 

The band spectra of Naz and analogous molecules show that the normal 
state of these molecules is a 'S state. The application of the postulates 
has furnished strong evidence (cf. J, conclusion 3) that for the normal 
(2S) states of H, Na and analogous atoms, j, = 3. Ifeach Na atom in 
Naz has j, = 3 due to its valence electron, the simplest explanation of the 
1§ molecular state is that the two atoms orient themselves with their 
jes in the antiparallel position. It is not necessary to suppose that the 
electron orbits of the two atoms interpenetrate. However, Mecke has 
recently obtained strong evidence*® that in molecules such as CatCl- 
the Ca electron penetrates the Cl~ ion as well as the Cat ion. In view of 
this rather surprising conclusion, the possibility of interpenetration of 
electronic orbits even in such loosely bound molecules as Naz must be ad- 
mitted. In the 4S states of CuH and similar molecules (except for possible 
states of the ionic type Cu+tH~) an arrangement of the two atoms similar 
to that in Nay presumably exists. 

Similar considerations apply to the Hz molecule, whose diamagnetic 
character makes it very probable, by an extension of postulate 1 of J, 
that the normal state is 1S. The probable close resemblance of the elec- 
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tronic term values for the molecule to those of the atom, and the probable 
convergence of the excited vibrational states of the normal molecule to a 
limit equal to the heat of dissociation,* both favor the idea that the normal 
molecule consists merely of two atoms with essentially unchanged elec- 
tronic states, but (to account for 7, = 0) arranged with their j,’s anti- 
parallel. The excited ‘states should be of a singlet and probably also 
of a triplet type, resembling those of the He atom as interpreted by Slater ;5 
and the first excited state should be a *S state. In support of this the 
structure of the H; bands studied by Witmer*—the final state of which is 
in all probability the normal state of the molecule—agrees (as will be shown 
elsewhere) with that to be expected for a *S —> 'S transition, if in both 
states the emitting electron moves in the plane of nuclear rotation. We 
are thus naturally led to a picture of the 1S molecular state, due to a *S 
electron in each of two atoms, as a state in which the electrons revolve in 
opposite directions in the same plane (+e«, —e model). In the °S state 
(j- = 1), the two individual j,’s must, of course, be parallel. 

The (+«, —e) model for Hy was originally proposed by Lenz,® and has 
more recently been discussed by Nordheim,’ who considers all the possible 
models satisfying the ordinary quantum theory which might result from an 
adiabatic approach of two normal H atoms. Nordheim finds ten possible 
models, of which five are energetically stable. These five do not, however, 
possess dynamical stability, but Nordheim concludes it is useless to ex- 
pect this. For three of these five models, the calculated heat of dissocia- 
tion is clearly too small and the equilibrium internuclear distance too large 
to accord with observation; incidentally, all three have 7,>0, which 
would not agree with a 'S state. The remaining two are energetically 
the most stable at all stages of approach, but unfortunately the equilibrium 
positions cannot be calculated because, before they are reached, an ir- 
reversible change in the type of electronic motion seems inevitable. Of 
these two models, one involves a o and so does not accord with the prob- 
able 1S normal state of He. The remaining model is precisely the (+ €, —e) 
model discussed above, with the added specification that the two electrons 
always differ in phase by 180°—as one might naturally expect for sym- 
metrical molecules (but hardly for such molecules as CuH and NaK). 
Hence the evidence seems very strong for a (+, —«) model of some sort. 
Furthermore, it seems possible that Nordheim’s conclusions as to the in- 
evitableness of an irreversible change in orbital type, during the adiabatic 
approach of two atoms in the (+e«, —e) orientation, may be subject to 
revision when the concept of the spinning electron is taken into considera- 
tion, and in the light of the new quantum mechanics of Heisenberg, Born 
and Jordan. 

If the (+e, —e) model for an electron pair is applicable to molecules 
in which one of the electrons belongs to each atom, it is also the natural 
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model for atoms (He—cf. Sommerfeld’s model*—Mg, Hg, H-, etc.) having 
a pair of S electrons. In the case of molecules such as CO and Ne, the 
1S normal state probably involves a pair of outer electrons as in Mg, pre- 
sumably arranged in a (+e, —e) configuration which is perhaps of the 
atomic Mg, perhaps of the Naz type. 

The He,, AIH, CuH, AgH, AuH and alkali metal molecule spectra all 
involve singlet (1S, 1P, \D) electronic states only, so far as is known; in 
all cases the least excited state known is 1S. In Nz and CO probable trip- 
let states are also observed.® According to the exclusion rules of Pauli 
two equivalent electrons (electrons having identical total and azimuthal 
quantum numbers) in *S states can yield only a 1S atomic state (for non- 
equivalent *S electrons a *S resultant is also possible). If this holds for 
molecules, it explains the exclusively 1S normal states of Hz, Ne, CO, Nas, 
Ko, etc.; the Pauli rules also account (in a different way) for the 4S char- 
acter of the Cl~- ion, hence of H+Cl-. 

The closest resemblance, in many ways, between molecular and atomic 
electron levels appears for the stable atom-like ‘‘octet’” molecules BO, 
CN, CO, Ne, COt, N2*, NO, O.+. If the octet picture (cf. J) is correct, 
we must suppose that a radical rearrangement of electrons takes place in 
the formation, e.g., of the Na-like molecule CN from its atoms. Accord- 
ing to this picture, the K electrons of each atom remain, to be sure, in their 
original orbits; assuming the electron distribution advocated by Main 
Smith and Stoner, the two 2; and two 2, electrons of the C atom and the 
two 2, and three 2, electrons of the N atom are, however, replaced in the 
molecule by a single complete L shell (two 2; and six 2, electrons), plus 
a single 3-quantum S electron corresponding to the valence electron of the 
Na atom. ‘This accounts for the observed *S normal state of CN. The 
only obvious alternative explanation seems to be the decidedly violent 
assumption (the difficulty is obviously even greater for N.*) that the 
molecule is essentially C+++N~-~~, the single remaining 2; electron of the 
C atom here acting as the emitting electron. Further, the 1S character of 
the normal states of CO and N»° and the *P normal state of NO are in per- 
fect accord with the analogy of these molecules®! to the Mg and Al atoms. 
The existence in NO of a ?D level just above the first excited (#5) level?® 
is particularly strong evidence that the outer electron in NO moves in a 
3-quantum orbit, since the similarly placed first and second excited levels 
in the Al atom correspond to 4, and 3; orbits, respectively. 

To be sure, the changes involved in the formation of an octet molecule 
must be of a rather elaborate nature; individually, however, they are 
not more radical than, e.g., the jump of a Li valence electron from its 2; 
orbit into a 5, orbit in the I atom, in the formation of LitI-. 

It is not necessary for the existence of an L shell to assume that all, or 
even any, of the L electrons in octet molecules execute orbits passing about 
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both nuclei. As has been shown above, the interaction of electrons in two 
atoms may occur even in cases (e.g., Naz) where there is reason to believe 
that there is no true sharing. In octet molecules there may or may not be 
a partial sharing; there seems to be no definite evidence on this question 
at present. 

That each nucleus ketps its pair of K electrons, in octet molecules, may 
be ascribed to the smallness of the K orbits in comparison with the dis- 
tance between the nuclei. The application of the Pauli exclusion principles 
to the L electrons, on the other hand, can be justified by the fact that the 
orbital dimensions are of the same order of magnitude as the internuclear 
distance. 

When one passes from CN through BO to BeF (all have the same num- 
ber of electrons), it seems probable that the exclusion rules no longer hold 
as before, but that in BeF we have essentially a Bet ion, with its 2; elec- 
tron, close to the surface of the F~ ion. Even in BO there seems a possi- 
bility of the formulation B++O-~—.—In going from NO through O, to F2, 
the binuclear octet model presumably again ceases to hold. 

Of the examples mentioned at the beginning of this paper, (5) and (6) 
remain. In molecules of the HgH type (cf. IJ for details), the 2S character 
and very low stability of the probable normal state give evidence that the 
molecule is composed of two essentially unchanged atoms, and certainly 
exclude the possibility that the H atom has lost its electron to the Hg 
atom, since this process should yield a *P normal state of the molecule 
like that of a Tl atom. In excited states of such molecules the binding is 
very much firmer and it is rather evident (cf. JZ) that one of the Hg elec- 
trons interacts with the H electron to give a resultant j7, = 0, the remain- 
ing electron giving j, = o = 3 or 3/2, corresponding to a *P, or *P2 
molecular state, in which there is now a real analogy to a three-valence- 
electron atom such as Tl. 

The behavior of molecules of the CH type contrasts with that of HgH 
type molecules. When the C atom is in a 'S state (e.g., the initial state of 
the CH d 3900 band), the resultant. molecular *S state is apparently 
analogous to the *S normal state of HgH. But when the C atom is ina 
1P state, there is no rearrangement of electronic interactions such as in 
HgH gives a ?P molecular state; instead, each atom keeps its own /,, 
unchanged. Similar relations appear in the OH bands (where, however, 
there is evidence of a partial interaction), and also probably in MgH, 
which is more directly comparable with HgH. Although the data at pres- 
ent available are very incomplete, it seems probable that the green MgH 
bands are due to the transition 1 1S—2 *P, (corresponding to the resonance 
line of Mg) in a Mg atom to which is attached, without interaction of the 
jes, a H atom. That the final state of these bands is the normal state 
of the MgH molecule is supported by the fact that they have been observed 
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in absorption in Mg vapor.'! The fact that in the ?P states of HgH one 

electron interacts with the H electron, while in the Mg(*P:)H(?S) state of 

MgH the two Mg electrons interact with each other and not with the 

H electron, may be correlated with the fact that Hg shows chemical 

valences of both one and two, while Mg shows only the valence two; simi- 

lar differences also exist in the spectroscopic behavior of the two atoms. 
A more complete discussion will be given in later papers. 
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2,W. Pauli, Jr., Zeit. Physik, 31, 765 (1925). W. Heisenberg, Jbid., 32, 841 (1925). 
F. Hund, Jbid., 33, 345 (1925). 

3R. Mecke, Naturwissenschaften, Sept. 4, 1925. 

4. E. Witmer, these ProckEpINGs, April, 1926. 

5 J. C. Slater, these PROCEEDINGS, Dec., 1925. 

6 W. Lenz, Verhandl. D. Phys. Ges., 21, 632 (1919). 

7L. Nordheim, Zeit. Physik, 19, 69 (1923); cf. also L. Mensing, Zeit. Physik, 34, 602 
(1925). 

8 A. Sommerfeld, Atombau und Spektrallinien, 4th edition, p. 203-6. 

9R. T. Birge, Nature, Feb. 13 and Feb. 27, 1926. 

10 Cf. H. Sponer and J. J. Hopfield, Physic. Rev., May (?), 1926 (Abstract). 

11. Barratt, Proc. Roy. Soc., 109A, 194 (1925). 


ON THE NATURE OF LIGHT 
By RiIcHARD C. TOLMAN AND SINCLAIR SMITH 
NorMAN BRIDGE LABORATORY OF PHysIcs AND Mount WILSON OBSERVATORY 


Communicated March 18, 1926 


In a recent article in these PRockEpINGs! Professor G. N. Lewis has sug- 
gested that the conflict between the quantum theory of light and the known 
facts of interference might be resolved by assuming that an atom never 
emits a quantum of light except to another atom, the possibility of trans- 
mission of the quantum being determined by the nature of the paths con- 
necting the two atoms in such a manner that the transmission will not 
occur if forbidden by the known laws of interference. The idea is made 
more plausible by describing such transmissions with the help of Min- 
kowski’s four-dimensional geometry of relativity. In the language of this 
geometry the path of the quantum passing between the two atoms would 
lie along a singular line, and since intervals along such singular lines have 
zero length in the geometry used, the atoms may be regarded as in virtual 
contact, thus making it less surprising that the emitting atom should 
‘“‘know”’ the existence of a receiving atom in such a condition and location 
as to permit a transfer. The apparent contradiction to our usual ideas as 
to the sequence of cause and effect also becomes less serious when viewed 
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from the point of view of this four-dimensional geometry. To common 
sense it seems absurd that the emission of light from a distant star should 
be determined by the condition, thousands of years later, of a chloryphyll 
molecule on the earth which had not even been synthesized at the time of 
emission. Nevertheless by a proper choice of space-time axes in the four- 
dimensional geometry, both the distance between the source and recipient 
and the time of transmission may be made as small as desired. 

Views, in some ways similar to those of Lewis, have previously been 
presented by other authors.2, Thus as early as 1921-22 Schottky dis-- 
cussed in considerable detail the difficulties encountered by the quan- 
tum theory as to the sequence of cause and effect, and indeed speaks as 
follows: ‘‘.. . .die gegenseitige Bedingtheit von Emission und Absorption 
nicht verstandlich ware, wenn man die Emission in normaler Weise als 
die zeitlich vorangehende Ursache der Absorption ansahe; vielmehr miisse 
die Wechselbeziehung zwischen Emission und Absorption so aufgefasst 
werden, dass beide Vorgange sich in véllig symmetrischer Weise gegenseitig 
bedingen.” In addition Smekal in 1922 formulated the general thesis 
that absorbing and emitting systems must be regarded as fundamentally 
coupled together. While Wentzel in 1924, accepting the idea of such 
coupling, presented a fairly complete quantum theory of interference con- 
taining rules by which not only the possibility, but also the probability of 
the passage of a quantum along any given path connecting the emitting 
and absorbing bodies is governed by the configuration of the total system, 
his inclusion of an expression for probability of transmission permitting 
him to obtain the correspondence principle as well as to account for inter- 
ference. 

The ideas adopted by Professor Lewis have much to recommend them, 
and the present writers feel very sympathetic towards his point of view and 
in particular appreciate the use of four-dimensional geometry in making 
the ideas clearer and more plausible. The purpose of the present note, 
however, is to point out in the first place that Professor Lewis’s proposed 
crucial experiment might not necessarily give the result that he states, even 
if his point of view is correct, and in the second place to present a somewhat 
different although not conflicting statement of the relation between wave 
theory and light quantum theory which seems to be temporarily adequate 
to describe the facts. 

The proposed crucial experiment is illustrated by figure 1 in which the 
relative dimensions are approximately the same as in Professor Lewis’s 
figure 4. S is a source of light, AA’ and BB’ mirrors so adjusted as to 
produce an interference pattern on the screen CD, C being the center of 
a dark band and D ofa light band. The mirror AA’ is suspended from its 
center in such a way as to permit a detection of any tendency to rotate in 
the plane of the diagram, and is narrow enough so that all light quanta 
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reaching D would be reflected from one half of the mirror, while if light 
quanta could travel to C they would be reflected from the other half of the 
mirfor. Since C is the center of a dark band Professor Lewis concludes that 
no quanta travel over the path SA’C and hence the quanta travelling over 
the path SAD would produce an unbalanced torque on the mirror which 
could be detected from the tendency of the mirror to rotate, a tendency 
which would not exist on other theories of light. 

The present writers, however, cannot agree with Professor Lewis’s 
assumption that no light quanta can pass over the path SA’C merely 
because there is no evidence of light at C. It is certain if light quanta travel 
in straight lines that they are able to pass through positions where the laws 
of interference forbid them to produce any effect. For example, if we ar- 
range to detect the presence of light by a layer of sensitized gelatine of 
appreciable thickness, it is found that light acts only at those depths in 
the film where the laws of the wave theory predict a reinforcement and no 
action occurs at intermediate points through which the light quanta must 








FIGURE 1 


have passed but where the wave theory predicts an interference. As is 
well known this phenomenon is made use of in the Lippmann process of 
color photography in which the standing waves produced inside a film of 
gelatine by oncoming and reflected light are used to deposit the silver in 
thin laminae at the depths predicted by the wave theory as the positions 
of the loops of the standing waves.* 

In view of this fact it seems unreasonable to assume that no light quanta 
pass over the path SA’C merely because C is a dark band. Rather we 
should believe that light quanta do pass over the path SA’C and that on 
arriving at C, then in accordance with the transmissive and reflective 
properties of the material of the screen, some of the quanta penetrate to 
depths where the laws of the wave theory permit them to be absorbed, 
while other quanta are reflected from the screen and are also finally ab- 
sorbed at positions on the surrounding walls where the wave theory permits. 
If this be the correct view it is possible that no torque on the mirror AA’ 
would be observed in Professor Lewis’s proposed experiment. 
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In order to make the condition of affairs clearer, figure 1 has been drawn 
to include the positions S’ and S’’ of the mirror images of the source S, 
and the points back of the surface of the screen where reinforcement and 
interference could take place. The dot and dash line DE gives the location 
of points equidistant from S’ and S” and the slightly curved dot and dash 
line CG gives the location, of points such that the distance from S’ is half a 
wave-length greater than the distance S”. 

Hence if the screen CD consisted of a thick slab of sensitized gelatine 
(of refractive index unity), there would be a heavy deposition of silver 
along the line DE corresponding to the reinforcement predicted by the 
wave theory, and almost no deposition along the line CG corresponding to 
the almost complete interference predicted by the wave theory. It will be 
noted, however, from the figure that quanta travelling along the path A’C 
would continue into the slab of gelatine to points where absorption is 
permitted in agreement with the idea that the mere absence of effects at 
C does not prohibit the passage of quanta through that point. It will be 
noted that quanta coming along the path AD continue into the slab along 
the path DE to positions where partial interference is predicted and hence 
are presumably less likely to be absorbed than at D. 

If instead of a slab of sensitized gelatine, the screen CD consisted of a 
plane mirror, the positions of reinforcement and interference would lie in 
front of the screen, quanta coming along the path A’C, however, still 
entering regions where the wave theory permits adsorption to take place, 
for example, on the walls of the laboratory. 

If the screen consisted of a matt surface of high reflecting power, as 
Professor Lewis presumably had in mind, the surface could be considered 
as composed of a large number of little mirrors set at random directions, 
without, however, introducing any essential change in the considerations. 

Finally, if the screen consisted of a highly absorptive material the condi- 
tion of affairs would be complicated, but not necessarily altered as far as 
concerns the passage of quanta along the line A’C. Of course no quanta 
would be absorbed at C, since in accordance with the wave theory the am- 
plitude is zero at that point. Quanta coming along the path A’C could, 
however, continue into the absorptive material, if necessary being deflected 
on passage through the surface to regions where absorption is permitted 
by the wave theory. 

Hence it does not seem necessary to conclude that no quanta travel along 
the path A’C merely because no effects are observed at C. Of course the 
exact relative numbers traveling along different paths would be difficult 
to determine in the absence of a complete theory. Nevertheless it seems 
possible that the complete theory might lead to the same or nearly the 
same forces on the mirror AA’ as would be predicted from the wave theory. 
In any case it is evident that the condition of affairs is more complicated 
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than that indicated by Professor Lewis, and that his proposed crucial 
experiment might give at best a second-order effect rather than the simple 
effect which he assumes. ‘The development of a more complete theory 
might be very interesting. 

In conclusion the writers would like to state a possible method of re- 
garding the conflict between the wave theory and the light quantum theory 
which seems heuristically adequate for describing the present facts. Since 
both theories contain elements of truth let us regard waves and light quanta 
as both being present in a radiation field. ‘The energy is carried by the 
quanta and they move in straight lines except when deflected or absorbed 
and then they obey at least statistically the laws of the conservation of 
energy and momentum. The waves carry no appreciable energy but pro- 
vide the signaling system by which in accordance with the laws of inter- 
ference the atoms can ‘‘know” whether or not they are allowed to interact 
with an oncoming quantum. On the basis of this point of view the action 
of light can occur only at those places and those times where both the wave 
theory and the quantum theory would permit such action. The facts 
of interference show that quanta cannot act unless the wavé theory 
permits, while the experiments of Compton and Simon‘ show that radia- 
tion can act only at those places where the quantum theory would predict 
the passage of a light quantum, and the experiments of Bothe and Geiger® 
show that radiation can act only at those ¢##mes when the quantum theory 
would predict the presence of a light quantum. Each theory thus restricts 
the predictions of the other. 

There is, of course, nothing original in this formulation of the matter, 
except perhaps the emphasis on the new fact that, even when the wave 
theory permits, no action of light can occur unless the quantum theory 
says that a light quantum is present. Furthermore the formulation is 
obviously only a temporary one, not only because of its theoretical unsatis- 
factoriness but because it seems probable that further investigations will 
show its inadequacy even as a statement of the facts. 

1G. N. Lewis, these PROCEEDINGS, 12, 22 (1926). 

2 Schottky, Naturwissenschaften, 9, 492, 506 (1921); Ibid., 10, 982 (1922). Smekal, 
Wiener Auzeiger, No. 10, 79 (1922). Wentzel, Zeits. Physik, 22, 193 (1924). See also 
Wentzel, Ibid., 27, 257 (1924); 29, 306 (1924), and Herzfeld, [bid., 23, 341 (1924). 
In locating the above references we are indebted to the assistance of Dr. Fritz Zwicky. 

8 For a discussion and microphotograph of such laminae see Wood’s Physical Op- 
tics, Macmillan, 1921, pp. 174-180. 

4 Compton and Simon, Physic. Rev., 26, 289 (1925). 

5 Bothe and Geiger, Zeits. Physik, 32, 639 (1925). 
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ON LAGUERRE’S SERIES. THIRD NOTE 


By Erar HIe 
DEPARTMENT OF MATHEMATICS, PRINCETON UNIVERSITY 


Communicated March 28, 1926 


1. In this third note we are going to attack the convergence problem for 
the special Laguerre series (a = 0) under much more general assumptions 
than in our Second Note.! We shall prove the following. 

THEoreM I. Let f(x) be defined for x = 0 with the properties (i) f(x) 
is of bounded variation on every finite closed interval (0, b] and (ii) the following 


integrals exist, namely 
fC 190 las (1) 
0 


1 1 
fr lao), (2) 
fs e700 (3) 


the first one for everya >}. Then the series 


>; a, L, (x) ~ f(x) 

n=0 
converges to $[f(x—0) + f(x + 0)] for every x = 0. The convergence is 
uniform on any finite positive closed interval of continuity. 

2. The proof of this theorem has a good deal in common with the 
proof of theorem I in the Second Note. ‘Thus we again use the fact that 
the Abel sum and the ordinary sum are the same for a convergent series. 
We also introduce a set of auxiliary Fourier-Laguerre coefficients, closely 
related to the set a,, with the aid of an integration by parts. But there 
also essential differences. Since f(x) is merely assumed to be of bounded 
variation and not absolutely continuous, it becomes necessary to use 
Stieltjes’ integrals. Moreover, Bessel’s inequality which was used re- 
peatedly in the Second Note is no longer at our disposal in view of hy- 
pothesis (3) and it becomes necessary to estimate the auxiliary Fourier 
coefficients directly. To clinch the argument we use Littlewood’s theorem: 
If a series is summable Abel and the terms are 0(2), the series is conver- 
gent.” 

3. It is necessary for our purposes to obtain an estimate of L,(x) 
for varying values of x. In the First Note, equation (7), we have repro- 
duced an estimate of L,,(x) due to Fejér and Perron which holds for fixed 
positive values of x. It follows from Perron’s proof that the remainder in 
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this asymptotic expression is o(e*). We need a much closer estimate than 
this, however. It can be shown that 


|L,(x)| < 1, (4) 


when 0 5 x< : . Further, there exist constants C, and C2, independent of 
x and of n, such that 


| L(x) | < C,(nx) “3 a (5) 


when + S x S 3.5n orn logn &S x, and 


1 
| Ly(x) | < Cy ntx 4 2 (6) 


when 3.5n< x<nlog mn. ‘The constant 3.5 could be replaced by any other 
fixed positive number less than 4. The value of C; will depend upon what 
particular number we choose. 

The proof for these inequalities is rather long and complicated and 
cannot be reproduced here. 


1 
It is possible that the factor 4 is superfluous in (6). In such a case the 
1 


factor ¢4 can be suppressed in (3). 
4. We begin the proof proper by studying the integral 


Kaan ne "en! La(t) df(l), 


which exists for any finite positive x, and x2. We shall assume that x; 
and x2 are points of continuity of f(x). We can integrate by parts, ob- 
taining 


Heer m2) = le“ Ly so |. + fre p> La( | jldat, 


n—1 
where we have used the formula L,(?) = — >, L(t). As in the Second 
m=0 
Note we can prove that it is permitted to let x, —> 0 and » —> +2. 
The existence of the infinite integrals involved follows from the estimates 
(4)-(6). It is no restriction on the generality to assume that f(x) is con- 
tinuous when x = 0. Putting f(0) = a, we obtain 


by ve f e~ L,(¢) df(t) = 2am ee, et ae (7) 


with the usual meaning of a,,. 
We shall prove next that 


eT: (8) 


ag nt EO tN 


ee 
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We have 


not fis i. $1. 4 ae: e~' Lylt) Aft) = I + 


In + Is + In. 


We have obviously | I, | < “, in view of (4). Using (2) and (5) we see that 


at f35e f§ 1 _1 
|Is|< Cin tf e 2t 4| df(t) | = O(n %). 
1 
Using (3) and (6) we find 
1 nlogn _t bi, 
nl< cnt f e 24 4| df(t) | 
see _1 (alogn _t 1 1 
< C, n+ (3.5 n) ah e 2 | df(t) | =o(n 4). 
3.5" 


3 
A similar argument based upon (5) gives | J,| = o(n 4). These inequalities 
together prove (8). 
5. Let us now consider the series 


fle) ~ Sra, L,(x). (9) 
n=0 


In view of conditions (i) and (1) this series will be summable Abel to the 
sum 5 [f(x + 0) + f(x—0)] for every x = 0.3 Thus if the series is con- 


vergent, it converges to the same sum. But (9) will be convergent‘ if 


(I) > yi Gm (Ly(x) — Ly+1 (x)] is convergent, and 


n=0 m= 
(II) y Om Ln+1 (x) —> 0 when n —> +=, 
m=0 


We notice that the series (9) is convergent when x 2 0 in view of (8) since 
L,(0) = 1. We proceed to consider positive values of x. 


Condition (II) is fulfilled for every positive x since L,(x) = O(n “iy 
for every fixed x > 0 and = Gd», converges to the sum a. We can write 


m=0 ° 
the series in condition (I) as follows: 


D> ae (Lal) — Lygils)] = a > Wyle) — Lnss(2)] + 


n=0 n=0 
> (a, a a) [L,,(x) rare Ln +1(x)]. 


n=0 
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The first series to the right is clearly convergent to the sum a. The second 
series can be written 


ao 


Ye bp [Ly(e) — Lyi(e)] = 2 = 12). (10) 


n=0 n=0 1 


For a fixed value of x we have L{)(x) = O(n). Hence in view of (8) 
the terms of the series are O(¢). Thus, in virtue of Littlewood’s theorem, 
the series will be convergent if we can merely prove that it is summable 
Abel. In order to do so we notice that 


lim Sa L,(x)r" = onag LG - by —~1)L,(x)r" 


r—> +1 n=0 r—> +1 n=0 


exists forevery x 2 0. By partial summation we find that 


-_ b> b, (L,(x) — 7 Ly41(x) ]r” 
1,=0 
exists since b, Ly»4;(x) —» 0. Now the series in (10) will clearly be sum- 
mable Abel to the same limit as the last expression if 


_jim a - DY by Lnyals)" = (11) 


n=0 


1 
for every x = 0. But this is evidently true since b, L,,4;(x) = O(n 4), 
1 


ifx = 0,and O(n 2), ifx >0. Moreover, the limit in (11) exists uniformly 
on every finite fixed interval. Thus (10) is summable Abel for every 
x 20. Hence (10) is convergent for every such value of x and, conse- 
quently, the Laguerre series of f(x) is convergent. 

7. A simpler theorem which is nevertheless slightly more general than 
theorem I of the Second Note for a = 0 is the following. 


THEOREM II. The series > e a, L,(x) converges to the sum f(x) for every 
n=0 
x = 0, af (i) f(x) ts absolutely continuous on every finite interval (0, 6], and 
(ii) the following integrals exist, namely: 


po | f(t) | dt, when a >band fe | f’(t) |? dt. (12) 
0 0 


The convergence is uniform on (0, b}. 

In view of the second integral in (12) the series >, | b, |? is convergent, 
b, being defined as above by (7). Hence the series in (10) is absolutely 
convergent which is easily seen with the aid of Schwarz’ inequality. The 
rest of the proof is as above. 

8. Concerning the literature on Laguerre’s series we have to add to the 
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papers quoted in the preceding Notes the thesis of E. R. Neumann. 
This author assumes that f(x) is of bounded variation on (0, + ©), and is 
continuous together with its derivatives of the first and second order except 
on a finite positive interval. In addition a complicated condition of quad- 
ratic integrability also involving derivatives up to and including the second 
order was assumed. More recently Wiarda® has considered summability 
(C, k) for ordinary Laguerre series. 

9. The method here presented works well in the case of Hermitian 
series but it does not extend easily to general Laguerre series. We shall 
study these series by somewhat different methods in later publications. 

1 These PROCEEDINGS, 12, 1926 (265-269). 

2 See theorem III of the Second Note. Messrs. Hardy and Littlewood have given 
applications of the Tauberian theorem quoted in the text to the theory of ordinary 
Fourier series. See London, Proc. Math. Soc. (2) 18, 1918 (228-235). As far as I 
know this theorem has not been applied to any other type of expansion in terms of or- 
thogonal functions. 

3 See the First Note, §3, these PROCEEDINGS, 12, 1926 (261-265). 

4See, e.g., Knopp, K.: Theorie und Anwendung der unendlichen Reihen, 2nd ed., 
Berlin, 1924, pp. 315. 

5 Neumann, E.R.: Die Entwicklung willkirlicher Funktionen nach den Hermiteschen 
und Laguerreschen Orthogonalfunktionen auf Grund der Theorie der Integralgleichungen. 
Inaugural—Dissertation, Breslau, 1912.—This paper is not easily accessible and does 
not seem to have been adequately reviewed anywhere. 

¢ Wiarda, G., J. Math., Berlin, 153, 1924 (44-60). 


ON CONFORMAL GEOMETRY 


By Tracy YERKES THomMAs* 
PRINCETON UNIVERSITY 


Communicated February 17, 1926 


1. JIntroduction.—This paper is a continuation of my last one in these 
PROCEEDINGS.' Based on the fundamental conformal tensor Gag a set 
of functions °T',, is introduced which correspond closely to Christoffel’s 
symbols {f,} of Riemann geometry or to the functions *Tg, of my 
projective theory of the affinely connected manifold. However, in place 
of the derivatives occuring ordinarily in the equations of transformation 
of functions of this sort there occur the coefficients of a set of non-integrable 
linear differential forms °G. Algebraic conditions for the equivalence of 
two conformal manifolds may be established by a method analogous to 
that used by E. B. Christoffel* for the case of the Riemann geometry. 

I have not attempted to give a geometrical interpretation of this work. 

2. The Fundamental Conformal Tensor —Conformal properties of a 
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Riemann space are by definition those properties which persist when the 
fundamental metric tensor g,¢ is altered by multiplication by a factor o(x). 
Such changes in the metric nature of the manifold leave invariant the angle 
6 defined by 

Lagdx*5x8 
V gapdx*dx® ~/ gapix%dx8 


between two lines elements dx“ and 6x* issuing from a point P. It is to 
this circumstance that the word conformal is due in the designation of this 
class of properties. In the conformal manifold only the ratios of lengths 
at a point are of significance. This plays an important réle in Weyl’s 
theory of relativity. 

Let us denote by 








cos § = 


x* == f%(xl,... 2"); (xx) = 0 (1) 


an analytic transformation of the codrdinates (x) and (x) of two equivalent 
conformal spaces having metric tensors g,g(x) and g,,(x), respectively. 
Here (xx) is the jacobian of G§. Then 


Pe One x8 
Suv = o(X)£ap >=n ox" _ (2) 


The arbitrary factor o(x) which enters into (2) may be eliminated by 
forming the determinant of both members of these equations. This gives 





| i. — o” | Zap | (xx)?. 
Hence 
ie Fey Ox Ox8 
Gy» — (xx) "Gap ox" ox” : (3) 
where e : 
+ Sur a8 
Gy = T= Tie? Gie = : eae (9 
elie oe 





The relative tensor G., satisfies the symmetry conditions Gag = Gea as 





well as the condition | Gag | = 1. 
The contravariant form of the equations (3) is 
pat Pe Ox" Ox” 
ae 2/n pap — 
G (xx)°’" G Sx xt 


where the relative tensor G** is defined as the cofactor of Gag in | Gag | . 
Now the tensor G,, which is a relative invariant of weight 2 is one 
of the possible metric tensors of the manifold. Moreover it is conformal 
in character, i.e., it remains unaltered when the functions g,¢ are replaced 
by og.g. ‘This simple deduction of a fundamental conformal tensor Gag 
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enables us to see clearly and distinctly the real analytical nature of the 
conformal geometry. The conformal geometry is the invariant theory of the 
equations (3). 

In order to develop the conformal geometry in a proper manner a de- 
termination of certain differential expressions in the G’s together with their 
equations of transformation'is absolutely indispensible. It is to this that 
we now pass. 

3. Some Fundamental Functions—Let us begin by differentiating the 
equations (3) obtaining 


Gu» Pree ~ 2 (2Gap dx* dx Dx Ox x8 
Set = 7 Gwe + (xx) * a 


Ox” Ox" Ox” OxF Et Gap dx“Oat Ox” ‘ 
dus Ot \ 
8 Ox" Ox’dat 
where we have put 
By an interchange of indices in (5) we next deduce 
1/0G,» ne OG =) se —2(1/0Gas . OGz~, OG ya 
Sot tae or) ~ © “Valor Tt oe ~ ot): 


ue QP Der ested iy pens cua} 
Ox" Dx” dax* + Gap Ox"dx* dx’ 1S Gude + Ve + Gaby — Guebr 











2 











n 
Then from (4) and (6) we have 
— a , Ox Ox? Oxf_ | Oxf_ Gui" Sea, 
 Oa* — Detour + Kas are aye -5 Ve T a Ye— Tad 


where 








|= hone 


0G, Y 0G, a - 5). 
2 


Ox* ox? Ox? 


The functions K', satisfy the symmetry conditions Ki, = K%,; also 
the identity Ki, = 0 is readily verified. 

These functions K‘, were originally found in a different form by J. M. 
Thomas‘ as the conformal analogue of my projective connection IIj,. 
He also set up a sort of equi-conformal curvature tensor Fé, so called 
since it possesses a tensor character under equi-transformations or trans- 
formations of jacobian unity but not under arbitrary transformations (1). 
The equi-tensor Fé,, is defined by 


oKi, oKé . 
s- * + Kt, Bete Ki,K°., 


3 pol 
Fapy = Ox ox8 
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and it is but a matter of calculation to show that F£,, transforms accord- 
ing to the equations 
OX* Ox OxeF Ox 
fe wale ae t ” 
Oa! Ox Ox” Ox 





ay + RC BC, 
+ Gy — Guy + SOG — BG un )G" Vers 
where 


Cy = 1 Rte — db. + 2 = PCy 





From the quantities Fiz, we may now form the quantities F,, and F 
defined by 


Fup = Fin; F = G“F.. 
which have equations of transformation 


ae Ox OxF 
Fw = Fas 3 Ox? 





st sant art ae 2 
+ (n— 2)Cy + GuC§ + an Jeni bebe 


= (ae F + 20-0 + (“lord 
We shall also find that we shall need an expression 
ee 
Qas ae 2(n—1) B 


having equations of transformation 





a Ox OxF n—2 we omer 
Qw = Qab su ox" is es ) {Kin + 3 ks — Ve — a — Fy CwG ve ‘} 
Finally the quantities 
Qs = G* Qe 
transform by the equations 


i Ox" Ox Seas a EE eae 
n we € (bp. = Gee 

Q = (az) 05 5 = a Oy -( ) {me ve + OMe, 
% Fa, - 
ox” eo Vos ¢- 

4. The Associated Differential Forms——In the preceding paragraph all 
indices have had values (1, 2,..., ”). It will now be found helpful to 
agree that: 


n 





ee G* 


Greek letters denote indices (0, 1, ..., m); (A) 
Latin letter denote indices (0,1, ...,”, ©). 
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We shall consider this convention to hold unless the contrary is stated. 
Now consider a set of linear differential forms 


: ; Ox. 
@: dx =37 


in which the ‘derivative’ dx*/dx" is defined as the element in the ith 
column and kth row of the matrix 


























0 1 Nias n © 
0 1 0 0 0 
1| wh Ox" On" 0 
ae: 2 ae 
(8) 
ox! ox" 
n! Wx a eee 0 
1 OF Ox" a 2 
O) gr get - -- ae | 

















where we have put 
V=GY, (¢,:=1,2,...n). 

The differential forms °G will be called the associated differential forms. 
Defining the inverse ‘derivatives’ dx'/dx* by a matrix analogous to the 
matrix (8) it is readily verified that the identities 

dei 0, De! OF 

Ox” dx? =” Ox Ox! 
hold. Also it should be noted that the restricted set of derivatives dx%/dx° 
satisfies identities 


= f 


Queoey derowt 
ante” Onto” 
In fact the derivatives 0x*/dx* are derivable from the group 
*@: x° = x° + log (xx); x* = f*(x',... 2") a+0 


which is fundamental in the projective theory of the affinely connected 
manifold. 
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5. The Associated Connection.—Let us now define a set of functions 
"Tha by the equations 
if 


opi 1; opi 1 i 
To = — Foes i _ — FOr 


n 1 
) “Ts, = K6,; Ts, = (5) Que ee mn oer (a, B, y = 1, ...,) 





" Pg oer 5) 05: * Moy = To, =0 (a, B, y = 1, +. +» #) 


where the values of indices not in agreement with the convention (A) 
have been indicated. The functions °T,, transform by the equations 


Oxi 0 (dx! ox* due 

Th apt ~ a (5) "The dat Oa? ”) 
with reference to the forms °G. Thus the °I’s constitute a sort of as- 
sociated conformal connection; their equations of transformation are 
identical in form with the well-known equations of transformation of the 
affine connection of Riemann space. 

6. The Conformal Curvature Tensor —In terms of the functions °T',, 
and their derivatives invariants may be constructed in much the ordinary 
manner. Let us differentiate the equations (9) with respect to variables 
x* and from the resulting equations subtract those obtained by interchange 
of the a and @ indices. ‘Then on eliminating second derivatives by (9) 
we have 

a , Ox" 0x7 OxF 


be gi = “Bhd 357 Oa Oe? (10) 


where the tensor "Beas is given by 


a a OT ba _ Ete + 7 


=s — TT, (11) 


The functions *Bi., have a form similar to (11). When we differentiate 
the equations (10) and again eliminate second derivatives by (9) we find 
a certain departure in the equations which result from those of linear 
tensor character. We are thus led to invariants which do not transform 
by the simple tensor law. But this need not delay us here. 

Without attempting to determine all identities satisfied by the tensor 
°Biag we may observe that this tensor satisfies unusual identities of the 
form 

‘ab se "Bhao nese "Bros es *BoaB se *Brab = 0. (12) 


In view of the last set of identities (12) the equations (10) yield 
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oa Oe ; Ox dx Oxy Reo 

Y wot a = Vis, i" de’ Dat (all indices = 1, ..., m) 
where 

Yin, = “Bry, (all indices = 1, ..., m) 


Thus the functions Yie, constitute a tensor under the group @. Ex- 
pansion of Y%¢, gives an expression of the form 


1 : : 
st aby + pF a, — 8yFap + G(FepGay — FeyGap) + 
tee : 
n—-1 (6,Gap TE 5sGay) 


which is identical with Weyl’s conformal curvature tensor R.. (n = 4) 


for which the indices have values (1, 2, ...,”). When m = 3, the tensor 
Y‘.s, vanishes and the equations (10) give 

an Ox" Ox” Oxé 

Laby = wt >" dx on? (all indices = 1, 2, 3) 
where 

Lunt = “Br: (all indices = 1, 2, 3) 


Finally let us observe that functions P;, may be defined by the matrix 


























0 1 RSI n © 
0; O 0 hr a 0 —1 
1 0 Gy, Gin 0 
n 0 Guy oe ee Gan 0 
co |—] 0 0 0 
so that we have 
P ee ~ip Ox! xk 
apes (xx) ik ox ox’ 


Then when we put 
*"Biras = P. i Bias 
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we obtain 
ae BP, 2 ny ke a 8 
i. - (xx) 3 "Bikap at a ae. =. ¥ 
Ox? Ou° Ox" Ox 
The tensor °Bjz4g is the covariant form of the conformal curvature 
tensor °Biag (n = 3). 
* NaTIONAL RESEARCH FELLOW IN MATHEMATICAL PHYSICS. 
1 These PROCEEDINGS, 11, pp. 722-725, 1925. 
2 See these PROCEEDINGS, 11, pp. 588-589, 1925. 
3 J. reine angew. Math. (Crelle) 70, pp. 46-70, 1869. 
4 These PRocEEDINGS, 11, pp. 257-259, 1925. 
5 The idea of using a type of invariant which does not transform by the tensor law 
is already to be found in the paper by O. Veblen and J. M. Thomas in these PROCEED- 
INGS, 11, pp. 204-207, 1925. 


CONCERNING INDECOMPOSABLE CONTINUA AND CONTINUA 
WHICH CONTAIN NO SUBSETS THAT SEPARATE THE 
PLANE 


By R. L. Moore 
DEPARTMENT OF PURE MATHEMATICS, UNIVERSITY OF TEXAS 


Communicated March 23, 1926 


In my paper on the most general class L of Frechet in which the Heine- 
Borel-Lebesgue theorem holds true! I showed that in order that that theorem 
should hold true in a given class of S of Frechet it is necessary and sufficient 
that for every monotonic family of closed and compact point sets in S 
there should exist at least one point common to all the sets of that family. 
I call a space S in which this condition is fulfilled a space S*. By an argu- 
ment closely analogous? to the one given in the last paragraph of § 1, 
on page 209 of my paper, S. Saks has proved? the following lemma for 
every space S in which the Heine-Borel-Lebesgue theorem holds true. 
From these two results it follows that this lemma is true as stated below, 
that is to say for every space S*. 

Lemna 1.° Jf, in a space S*, G is a family of closed and compact point 
sets and for every finite subfamily of G there exists at least one point common to 
all the members of that subfamily then the point sets of the family G have at 
least one point in common. 

Lemma 2, If, in a regular’ space S*, G is a family of compact continua 
and, for every finite subfamily of G, the common part of all the continua of that 
subfamily is a continuum then the common part of all the continua of G is a 
continuum. 
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Proof.—By lemma 1, the continua of the set G have at least one point 
incommon. Let N denote the set of all such common points. It is easy 
tosee that Nisclosed. Itisalsoconnected. For suppose, on the contrary, 
that it is the sum of two mutually separated*® point sets K and L. Since 
N is closed so are K and L. , For each point P of K there exists an open set 
Tp containing P but containing no point of L. There exists an open set 
Dp containing P and such that Dp + Dpisa subset of Tp. Let Q denote 
the family of all such open sets Dp for all points P of K. The family Q 
contains a finite subfamily U such that every point of K belongs to some 
member of the family U. Let D denote the sum of all the point sets of 
the family U. Clearly K is a subset of D, the boundary of D contains no 
point of K + L, and D contains no point of L. For each continuum g 
of the family G let gp denote the set of all those points which g has in 
common with the boundary of D. That gp exists for every g is a conse- 
quence of the fact that g is a connected point set having at least one point 
in D and at least one point without D. Let H denote the family of all 
point sets gp for all continua g of the set G. It is easy to see that for every 
finite subfamily of H there is at least one point common to all the members 
of that subfamily. Hence, by lemma 1, there is at least one point common 
to all the point sets of H. Every such common point belongs both to NV 
and to the boundary of D. ‘Thus the supposition that N is not connected 
has led to a contradiction. 

DEFINITION.—A space L is said to be two-dimensional provided it is 
true that (a)® if x and y are two continua neither of which separates L 
then x*y separates L if, and only if, the common part of x and y is not 
connected, (b) if X and Y are two points in L then there exist two continua 
which contain X and Y and whose common part is not connected. 

THEOREM 1.’ If, in a two-dimensional regular space S*, the compact 
continuum K contains no continuum which separates S*, and A and B are 
distinct points of K, and G is a family of subcontinua of K no one of which 
separates A from B in K in the weak® sense, then the sum of all the continua 
of the family G does not separate A from B in K in the weak sense. 

Proof.—Let H denote the collection of all those subcontinua h of the 
continuum K such that (a) # contains both A and B, (b) there is some point 
set of the set G which has no point in common with h. If x and y are two 
continua of the set H then the set of points common to x and y is a con- 
tinuum (and belongs to H). For otherwise x+y would separate the space 
S*, contrary to hypothesis. It easily follows that if Z is any finite sub- 
family of the family H then the common part of all the members of the 
family Z is a continuum. It follows, by lemma 2, that N, the set of 
points common to a// the continua of the set H is a continuum containing 
A and B. If g is any point set of the collection G there exists at least one 
continuum of the set H which has no point in common with g and since NV 
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is a subset of every such continuum therefore N contains no point of g. 
The truth of theorem 1 is therefore established. 

THEOREM 2. If, in a regular space S*, K is a compact continuum and 
A and B are two distinct points of K then there exists an irreducible continuum 
from A to B which is a subset of K. 

With the use of the Zermelo postulate and the help of lemma 2, 
theorem 2 can be proved by a method employed by Janiszewski® to es- 
tablish the same proposition for a space closely related to a class V of 
Frechet. 

THEOREM 3.’ If, in a two-dimensional regular space S*, K is a compact 
continuum containing no subcontinuum which separates M, and A and B 
are two distinct points of K then there exists one and only one irreducible con- 
tinuum from A to B which is a subset of K. 

Proof.—By theorem 2, K contains at least one irreducible continuum 
from A to B. Suppose it contains two distinct ones, H and L. Let T 
denote their common part. If T were a proper subset of H or of L then, 
since H and L are irreducible continua from A to B, T could not be con- 
nected and therefore either H, L or H + L would separate S*, contrary to 
hypothesis. Therefore T is not a proper subset either of H or of L. Hence 
it is identical with each of them and they are therefore identical with each 
other, contrary to hypothesis. 

THEOREM 4. If, in a two-dimensional Euclidean space S, M is abounded 
continuum containing no indecomposable continuum which separates S, 
then in order that M should fail to separate S it is necessary and sufficient 
that the common part of every two subcontinua of M should be either vacuous 
or connected. 

Proof.—I. Suppose that M separates the plane. Let B denote the 
outer boundary of some bounded complementary domain of M. Since B 
is not indecomposable it is the sum of two continua H and K both of which 
are proper subsets of B. But S is not'! separated by any proper sub- 
continuum of B. It follows that the common part of H and K is not con- 
nected. 

II. Suppose that M contains two continua H and K whose common part 
exists but is not connected. Then H + K separates S and so does M, 
otherwise M would contain every bounded complementary domain of 
H + K and every such domain would contain an indecomposable contin- 
uum that separates S, contrary to hypothesis. 

TuHEeorEM 5. If K is a proper subcontinuum of an indecomposable con- 
tinuum M then no subset of K disconnects M. 

Proof.—The point set M—K is connected. For suppose it is not. 
Then it is the sum of two mutually separated point sets H and L; and 
H+ K and L + K are distinct continua and their sum is K, contrary to 
the hypothesis that K is indecomposable. Suppose now that T is a proper 
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subset of K. If M—T were the sum of two mutually separated point sets, 
one of them (call it X) would contain M—K and the other one, Y, would be 
a subset of K, and thus every point of K would” be a limit point of X 
and, in particular, every point of Y would be a limit point of X, contrary 
to supposition. 

THEOREM 6. If, in a Euclidean space of two dimensions, M is a bounded 
indecomposable continuum and G 1s a countable upper semi-continuous 
collection of mutually exclusive subcontinua of M and no continuum of this 
collection disconnects* M then their sum does not disconnect M. 

Proof.—Suppose, on the contrary, that M is disconnected by the sum 
of all the continua of the set G. By lemmas 1 and 2 of my paper concern- 
ing upper semi-continuous collections of continua which do not separate a 
given continuum,’ it can be seen that the collection G contains a sub- 
collection G* such that 7*, the sum of all the point sets of the collection 
G*, is a closed point set which disconnects M. The point set M-T* is 
the sum of two mutually separated point sets H and K. By an argument 
given in the proof of theorem 1 of the same paper, it can be shown that 
there exists a point X, belonging to H, such that if E denotes the maximal 
connected subset of H + 7* which contains X then no point of E is a 
limit point of (HW + T*)—(E + 7*). Clearly X is not a limit point of 
M-—E. ‘Thus the indecomposable continuum M contains a subcontinuum 
E which is not a continuum of condensation of M. But this is impossible. !? 
Thus the supposition that theorem 6 is false has led to a contradiction. 

Theorems 1, 3 and 6 are examples of propositions which hold true for 
every bounded continuum which contains no continuum which separates 
the plane and which also hold true for every indecomposable continuum 
which contains no indecomposable subcontinuum. I now raise the follow- 
ing questions. 

QueEstions.—If P is an internal property of every bounded plane con- 
tinuum which contains no continuum that separates the plane then is 
that property always possessed by some indecomposable continuum which 
does separate the plane? Indeed does there exist a bounded plane contin- 
uum which does not separate the plane but which is homeomorphic with 
some continuum which does separate the plane? 

It follows from theorem 4 that if there does exist a bounded plane 
continuum which separates the plane but which is homeomorphic with 
one that does not then each of these continua must contain an indecom- 
posable continuum. 


1 These ProckEDINGS, 5, 1919 (206-210). A family of point sets is said to be mono- 
tonic provided it is true that if x and y are any two of its members then either x contains 
y or y contains x. 

* Saks, S., Fund. Math., 2, 1921 (1-3). If “gp,” in the fourth line from the last in 


the last paragraph of §1 of my paper is replaced by “some point of gp,” and “‘no point 
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of gp; isin any”’ (in the third line from the last) is replaced by “there is a point of gp; 


which is not in any,” then the so modified argument holds just as good for the case 
where G is assumed to satisfy the conditions of the hypothesis of lemma 1 as for the 
case where it is assumed to be a monotonic family. 

8 This is a generalization, to any space S*, of a theorem stated and proved by Sier- 
pinski for Euclidean space of m dimensions. Cf. Sierpinski, S., “‘Un théoréme sur les 
ensembles fermés,” Bull. Acad. Sci. Cracovie, 1918 (49-51). 

4 A space L is said to be regular provided it is true that if in that space P isa point 
belonging to an open set K then there exists an open set R containing P and such that 
R + R’ isa subset of K. Cf. P. Urysohn, Math. Ann., 94, 262-95 (1925), in particular 
footnote 13 on page 264. In this connection, however, cf. Axiom 1 and theorem 5 of 
my paper “On the Foundations of Plane Analysis Situs,” Trans. Amer. Math. Soc., 
17, 1916 (131-164). 

5 Two point sets H and K are said to be mutually separated if they are mutually ex- 
clusive and neither of them contains a limit point of the other one. 

6 For a proof that an ordinary plane has this property see S. Janiszewski “Sur les 
coupures du plan faites par des continus,’’ Prace mat.-fizyczne, 26, 1913. Also Anna 
M. Mullikin, “Certain Theorems Relating to Plane Connected Point Sets,’ Trans. 
Amer. Math. Soc., 24, 1922 (144-162). 

7 The proof here given of this theorem holds good if the stipulation that S* be two 
dimensional is replaced by the milder stipulation that S* is separated by the sum of any 
two continua whose sum is not connected and neither of which separates S*. 

8 The subset K of the continuum M is said to separate (or to disconnect) M if M—K 
is not connected. It is said to separate A from B in M in the weak sense if M—K con- 
tains no continuum which contains both A and B. 

® Janiszewski, S., J. éc. polytech., 16 (1912). 

1 A continuum is said to be indecomposable if it is not the sum of two continua neither 
of which is identical with it. For a proof that such continua exist, cf. Brouwer, L. E. J., 
Math, Ann., 68, 1910. The term indecomposable was introduced by Mazurkiewicz, 
Fund. Math., 1, 1920 (85-39). 

11 Mazurkiewicz, S., ‘Les continus plans non bornes,’’ Fund. Math., 5, 1924 (193), 
lemme 1. 

12 Cf. Z. Janiszewski et C. Kuratowski, ‘‘Sur les continus indécomposables,”’ Fund. 
Math., 1, 1920 (212), theoreme I1. 

18 These PROCEEDINGS, 10, 1924 (356-360). 














